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Generalization of multi-specializations and 
multi-asymptotics 


Naofumi Honda and Luca Prelli 

Abstract 

The aim of this paper is to give a new description of the geometry 
appearing in the multi-specialization along a general family of subman¬ 
ifolds of a real analytic manifold (including some important cases as 
clean intersection or a simultaneously linearizable family of Lagrangian 
submanifolds in a cotangent bundle) and then, to extend several prop¬ 
erties of the multi-specialization. The notion of multi-asymptotic ex¬ 
pansions is also extended. In the local model more general cases are 
studied: locally we can construct new sheaves of multi-asymptotically 
developable functions closely related with asymptotics along a subva¬ 
riety with a simple singularity such as a cusp. 
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Introduction 

We have established, in [6] and [5], the theory of multi-specialization and 
multi-microlocalization along a simultaneously linearizable family y of closed 
submanifolds (see Definition 11.11 and Proposition 11.21) on which we addition¬ 
ally impose some moderate condition for their geometrical configuration, 
that is, the condition H2 of [6| for y. A typical example of such a configura¬ 
tion (with the condition H2) of two submanifolds is that they transversally 
intersect or that one submanifold completely contains the other. However, 
some important cases do not satisfy this geometrical condition such as two 
submanifolds which cleanly intersect but not transversally or a simultane¬ 
ously linearizable family of Lagrangian submanifolds in a cotangent bundle, 
where we encounter the latter situation in the micro-support estimation of 
a multi-microlocalized object (Theorem 3.6 |5j). 

The primary purpose of our paper is to give a new description of the 
geometry appearing in the multi-specialization along a general linearizable 
family y (without the condition H2), and then, to extend several properties 
of the multi-specialization functor already established in |6] to this general 
y. One should be aware that, however, the geometry appearing in the multi¬ 
specialization for a general y is quite different from that for a y with the 
condition H2. For a usual specialization along a closed submanifold M, a 
(locally defined) conic cone along the submanifold M can be considered as a 
fundamental geometrical object of this specialization in the sense that both 
the normal cone C'm(’) along M and a fiber formula for the specialization 
functor j'm(') along M can be described by using a family of these cones. 
When we consider the multi-specialization along a simultaneously lineariz¬ 
able family y of submanifolds (Mi, ..., Mi} in X with the condition H2, 
the situation is quite similar as that for the usual specialization. The funda¬ 
mental geometrical object in this case is a multicone that is, by definition, 
the intersection of l conic cones along submanifolds Mi, M 2 , ..., Mi, re¬ 
spectively. And the multi-normal cone C x (-) along y and a fiber formula for 
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the multi-specialization functor v x (-) along x can be described by using a 
family of these multicones as we have shown in j6j. 

On the other hand a multicone for a general linearizable family x can 
be no longer obtained by a set-theoretical operation of conic cones along 
submanifolds. In fact, as we see in Section [2J it is defined by a semigroup 
generated by monomials associated with local actions /qds (k = 1, 
where each action //& is induced from the one on the conormal bundle Tu k X 
of Mfc with a local identification X ~ TM k X near M^. Furthermore, when 
we drop the condition H2, we cannot either expect the zero section S x of 
the multi-normal deformation X x along y, i.e., the subset {t = 0} in X x , 
to be a vector bundle over the base space M = M± n • • • n Mg. In fact, let 
us consider x which consists of two submanifolds intersecting cleanly but 
not transversally. Then, as Example 11.141 shows, S x is not a vector bundle 
over M even for this simple case. Although several unexpected facts are 
observed in geometry of the multi-specialization for a general x as we have 
already seen, Theorems 12.271 and 14.81 and Equation (14.21) in this paper say 
that, by using our newly introduced multicones, we can characterize the 
multi-normal cone and establish a fiber formula for the multi-specialization 
functor in a usual way. 

The shape of a multicone becomes a little bit complicated for a general 
X , however, it still has many good properties. It is, in particular, infinitesi¬ 
mally stable under the actions /qds. This fact suggests us that an asymptotic 
expansion can be defined on this multicone since it is, roughly speaking, 
nothing but a formal Taylor expansion along orbits generated by the ac¬ 
tions Hk s. As a matter of fact, in Section [3l the notion of multi-asymptotic 
expansions along x introduced in f6| is successfully extended to the one for 
a general simultaneously linearizable family x- Further, our generalization 
of the multi-asymptotic expansion can manipulate the case that each action 
fik is not necessarily linear. Hence, by choosing a family of appropriate non¬ 
linear actions, locally we can construct a new sheaf of multi-asymptotically 
developable functions which is closely tied with asymptotics along a subva¬ 
riety with a simple singularity such as a cusp. 

We study, in the Section QJ the functorial nature of multi-asymptotics, 
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proving some vanishing theorems which provide a general Borel-Ritt exact 
sequence in this setting. Similar vanishing results hold for the multispe¬ 
cialization of tempered holomorphic functions. We also study functorial 
operations of multi-specializations such as a direct image and an inverse 
image in our general settings. By an operation associated with a desin- 
gularization map, for example, we can show isomorphisms between several 
solution sheaves of holomorphic functions multi-asymptotically developable 
along different kinds of families of closed complex submanifolds. Such an 
application to P-modules will be given in a forthcoming paper. 

Examples of our previous constructions are given in Section [5l in partic¬ 
ular in C 2 and C 3 . We also give, in the two manifolds case, a classification 
for asymptotics provided by the matrix associated to the multi-normal de¬ 
formation. 

We end this work with an Appendix in which we introduce the notion of 
multi-conic sheaves. Using o-minimal geometry we also obtain a decompo¬ 
sition theorem for subanalytic open sets needed for study of the geometry 
of sections of multi-conic sheaves. 

1 Multi-normal deformation 

In [6] the notion of multi-normal deformation was introduced. Here we 
consider a generalization where we replace the condition H2 with a weaker 
one. We refer to |7] for the classical normal deformation with respect to one 
submanifold. 

1.1 A simultaneously linearizable family of manifolds 

Let A be a real analytic manifold with dim A = n. Hereafter all the man- 
infolds appearing in this paper are assumed to be countable at infinity. Let 
X = {Mi,... ,M(} be a family of closed real analytic submanifolds of A. 
Set M := Mi n • • • n Mg. Throughout this note, we always assume that all 
the submanifolds are connected and that M is also connected. Recall that, 
for closed submanifolds M and M', we say that M and M' intersect cleanly 
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at q £ M n M' if and only if M n M' is a closed submanifold near q and 


(1-1) (T* M X) q + (T* M ,x) q = (: T* MnM ,X) q 

holds. 

Definition 1.1. We say that x is simultaneously linearizable at q € M if 
Mj and Mk (1 < j, k < i) intersect cleanly at q and if there exist a vector 
subspace V of (T*X) q and its decomposition V = V\ ® • ■ ■ ® V m by vector 
subspaces such that every (Tf^.X) q is a direct sum of some V^’s. 

Note that if x satisfies the condition H2 of [5], then it is simultaneously 
linearizable. 

Proposition 1.2. Let x = {Mi,..., M(} be a family of closed submanifolds 
of X and q £ M. Then the following conditions are equivalent. 

i. x is simultaneously linearizable at q. 

ii. There exist a neighborhood W of q, a neighborhood U of 0 with a 
system of local coordinates (aq ,... ,x n ), the isomorphism if : W —» U 
and subsets Ij’s of {1,... ,n} (j = 1,such that each if(Mj n W) 
is defined by equations Xi = 0 (i G Ij). 

The proof of the proposition is rather long, and hence it is given in Ap¬ 
pendix IA.41 Note that the decomposition V = Vi © ■ ■ ■ © V m appearing in 
Definition 1 1.1 1 is not unique. However, if we consider minimal decomposition 
such that Definition o holds, the number of 14 ’s of such a decomposition 
is unique, and this minimal number m is called rank of the family x a t Q- 
Furthermore, when x is simultaneously linearizable at any point in M, as 
M is connected by assumption, the rank of the family x does not depend 
on the point under consideration. 

By Proposition 11.21 we have locally the family {Ij}j =1 of subsets in 
{1, 2,... , n} so that each Mj is defined by Xk = 0 for k € Ij. Let us con¬ 
sider the family {Ij} 1 JL 1 of equivalence classes of lj ( y=1 Ij by the equivalence 
relation 

(1.2) i\ ~ *2 ” i\ G Ij Z 2 G Ij for all j = 1,2,... 
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Note that the number m of equivalence classes coincides with the the rank 
of the family y. For convenience, we set 


(1.3) 


Iq — Iq { 1 ; • • 


i 


3 = 1 


1.2 Geometry of multi-normal deformation 

First recall the classical construction of [7j of the normal deformation of X 
along M\. We denote it by Xm x and we denote by t\ € M the deformation 
parameter. Let £Im-l = {ti > 0} and let us identify s _1 (0) with Tm 1 X. We 
have the commutative diagram 

(1.4) t Mi x ^4 x Ml ^ n Ml 

tm 1 


Set £Imi = {(a?; ti) ; t\ / 0}. Let x = {Mi, • • •, be the simultaneously 
linearizable family given in the previous subsection, and define 

M 2 := 

Then M 2 is a closed smooth submanifold of Xm-i as x is simultaneously 
linearizable. 



Now we can define the normal deformation along M\, M 2 as 

X Mu m 2 '■= (^Mi)~ 2 - 

Then we can define recursively the normal deformation along y as 
X = X M 1 ,...,M l ■= (%,...^ M )~. 

Set S x = {ti,..., tn = 0}, M = nti anc i ^x = {^i, - - - ,t£ > 0}. Then 
we have the commutative diagram 
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In what follows, we always assume: 

A.l x is a simultaneously linearizable family of manifolds at any point in 

M. 

We denote p x : X x (M + )^ —>• X the multi-action associated with x- Note 
that, as /j, x (S x , A) C S x holds for A G (M + )^, p x induces the action on S x , 
which is denoted by the same symbol hereafter. Then, for a generic point 
p G S x , the orbit p x (p, (M + ) £ ) C S x becomes a real analytic manifold, whose 
maximal dimension is called the dimension of an orbit of fi x . 

Definition 1.3. We say that the multi-action ji x has maximal rank if the 
dimension of an orbit of n x is equal to either the number of submanifolds in 
X ( usually denoted by i) or the rank of the family x (usually denoted by m). 
In particular, fi x is said to be non-degenerate if the dimension of the orbit 
of n x coincides with I and transitive if it coincides with m. 

Then we have: 

Lemma 1.4. The following conditions are equivalent. 

1. The multi-action p x is non-degenerate. 

2. p x (x, A) = p x (x, A') for any x G S x implies A = A'. 

Now we give the local description of the multi-normal deformation if x 
satisfies the condition A.l. Let {IjYj=\ be the family of subsets in {1,..., n} 
in Proposition 11.21 and let {Ik}™ =1 be the equivalence classes in (J ]=\Ij by 
the equivalence relation 111.21) , where m coincides with the rank of the family 
X- We define the monomial ipi~ (k = 1,..., m) of the variables t\, . .., t# by 

(1.6) <Pk(h, ■ ■ ■ ,te) = ]^[ tj. 

We also define the I x m -matrix A x = (<ijk) with 

Ik T Ij ) 
otherwise. 
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Then we have, for t = (t\, ... >tg) G (R + )^, 

(log'll,..., log tp m ) = (\ogti,... ,logtg)A x . 

Using these <pkS, the projection p : X ^ X and the action p x on X are 
locally defined as follows: We take 

(1.7) (x^°\ ) and (x^°\ x^\ ..., x^ m ' > ; t\,..., tg) 

the local coordinates of X and those of X respectively. Here x^ 3> (j > 0) 
denotes the set of coordinates xfs (i £ Ij ) and x® denotes the rest of 
coordinates. 

Then the projection p is given by, for (x; t ) = (x®, x^\ ..., x^ m ); t\,...,tg) £ 

X, 

p(x; t) = (x (0) , p l(t)x (1) , . . . , (p m (t)x {m) ) . 

The action p x on X is defined locally by, for A = (Ai,..., A^) £ (M + ) , 

(1.8) n x ((x; t), A) = (x^°\ ip i(A)x (1) , ..., <^ m (A)x (m) ; ti/Ai, ..., tg/Xgj ■ 

It is the composition of the actions pj associated to the Ij s, j = 1, 
which are dehned locally by, for A j £ M + , 

(1.9) 

Pj((x; t),\j) = (x (0) , A“ jl x (1) , ..., A“ jm x (m) ; h, ..., tj/Xj, ..., t^j . 

From these local observations, the following lemma easily follows: 

Lemma 1 . 5 . p x has maximal rank if and only if A x has maximal rank, that 
is, 

Rank A x = ruin {l, m}. 

Furthermore, p x is non-degenerate if Rank A x = i, and it is transitive if 
Rank A x = m, 

Now we introduce an important geometrical object. 

Definition 1 . 6 . Let Z be a subset of X. The midti-normal cone to Z along 
X is the set C X (Z) = p~ 1 (Z) n S x . 
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The following result has been proved in [5] 

Lemma 1.7. Let p = (p^°\ p^\ ..., p^ ■, 0, ...,0) €E S x and let Z C X. 
The following conditions are equivalent: 


1. p € C X (Z). 

2. There exist two sequences 



such that g>j(c K )qlf' > — > p^ (j = l,...,m) and Cj tK -» +oo (j 


1,...,£) when k —>• oo. 

1.3 A simultaneously linearizable family of transitive type 

We first study the case where the zero section S x of the multi-normal de¬ 
formation X along y becomes a vector bundle over the base space M := 
Mi n • • • n M e , 

Definition 1.8. We say that a simultaneously linearizable family x °.f 
transitive type if the associated multi-action /i x is transitive. Furthermore, 
it is said to be of normal type if p x is non-degenerate and transitive. 

Let m be the rank of the family y, and let £ be the number of submanifolds 
in x- Note that y is of normal type if and only if, under the local description 
of the multi-normal deformation given in the previous subsection, the A x 
is a square matrix, i.e., £ = m and it is invertible. Furthermore, it follows 
from the definition that £ > m holds when y is of transitive type. 

Theorem 1.9. Assume y is of transitive type. Then S x becomes a vector 
bundle over M. 

Proof. Suppose that X has a system of local coordinates blocks 



described in the previous subsection, where m is the rank of the family y. 
Let 


f(x) = (f^(x),f^\x),...,f^\x)) 


10 


be a coordinate transformation on X which sends each Mj to Mj (j = 
1,..., I). Let, for k > 1, 

f {k) (x) = ^ c i a ) x a (c< k) £K #? ‘) 

“ gZ > o 

be the Taylor expansion of /^ at the origin and set fj^\x) := c~a^x a . 


We first show the claim that 

( 1 . 10 ) 

/^(x (0) ^i(i)s (1) ,..., <pm(t)x ( m) ) is divided by the monomial ip k (t ). 

Let a with c ^ 7 ^ 0. By definition, f( k \x) vanishes on Mj for j with I k C Ij, 
and hence, fa\x ) also vanishes on Mj for such a j, which entails that there 
exists i £ Ij with > 0. Hence f^\x^°\ ipi(t)x^\ ... ,i/3 m (f)W) has the 
factor tj for j with I k C Ij, from which the claim follows. 


It follows from the claim (11.101) that the induced map / of / on X is 
well-defined since their definitions are 


f ik \x) = - 4 /(^ (0) ,^(^ (1) ,-• 

<Pk(t) 

f (0) (x) = f(x w , 0,...,0), 


(fc = 1,2,..., m), 


and tj = tj. Now assume that there exist some k £ {1,... , m} and a £ Z> 0 
satisfying 

m 

<Pk(t) = 

3 = 1 

where we set OLi. Let e k be the unit vector with the fc-th 

element being 1. The above equation implies 


A x e k = V(a (1 \---,a (ro) ) 


which is equal to 


Since RankH 
allowable a’s 


H x ( t (aW,...,aM)- efe ) = 0. 

x = m holds, we have (*(aW,... ,a^) — e k ) = 0, that is, 
are multi-indices in which the only one element (i £ I k ) 
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is equal to 1. Therefore the associated map of / on X is the one of vector 
bundles with the fiber coordinates (x^ 1 ),... whose transformation law 

is given by the block diagonal map 


3/(fc) 


Here SxM 
variables xf s ( i € I k ) 


denotes the Jacobian matrix of the map f^ with respect to 


□ 


We continue to assume x to be of transitive type. We now give an explicit 
description of S x . We hrst define m subsets B i, ..., B m of {1,... ,£} in the 
following way. First take a point p € M and take a system of local coor¬ 
dinates blocks x W, ... ,x of X given in the previous subsection, 

where m is the rank of the family \. Then we set, for 1 < k < m, 

B k := {] € £}; I k C Ij}. 


Since M is connected, a different choice of a point p and that of coordinates 
gives the same family of subsets B k s up to permutation. Then we have: 


Proposition 1.10. For k = 1,2,..., m, set 


N k := 


X 


n Mj 

j£B k 


i/B k = { i,...,n, 

otherwise. 


Then S x is a direct sum of the following vector bundles over M: 


TN k x M 
x 



(k = 1 ,...,m). 


Proof. Let , x , ..., x( m ' ) ) be a system of local coordinates blocks given 

in the previous subsection, and let (x^ 0 ^; ... ,f^ m ' > ) be that of S x . Then 

the local coordinates of TN k x M is given by 

x 

(* (0) ;? (fc 'W 
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where E consists of indices k n s such that I k ' fl Ij = 0 holds for any j £ B k . 
Note that I k fi Ij = 0 also holds for any j ^ 5*.. 

Let A/ € E with k! ^ k. Then, since I k and Ik> are different equivalence 
classes, it follows from the definition of the equivalence relation that there 
exists j € Bk with Ik' (~l Ij = 0. As a matter of fact, if such a j does not 
exist, then for any j E Bk, we have Ik' C Ij. As Ik C Ij also holds for any 
j E Bk, we have = /&/, which contradicts k k'. 

Therefore we conclude that the local coordinates of 

TN k x M 
x 

\T{Mj n N k ) x Mj + TM 


are given by (x®; £,^). Now let / be a coordinate transformation consid¬ 
ered in the proof of Theorem 11.91 Then the corresponding coordinate trans- 

d f W 

formation of the above bundle is clearly given by the matrix . (x^ ,0, ..., 0) 

axW 

and that of S x is given by 


a/0) 

<9xW 


(x (0) ,0,..., ())©•••© 


Qf(m) 

9x( m ) 


(x (0) , 0,..., 0). 


as in the proof of Theorem 11.91 Hence the bundle associated with B k is a 
subbundle of S x over M. This completes the proof. □ 


We give some examples. 

Example 1 . 11 . Let X = R n with coordinates (x^°\ x^, x^ 2 \ x^). Define 
Mi = {x^ 1 * = x® = 0}, M 2 = {x^ = x® = 0} and M 3 = {x^ = x^ = 
x( 3 ) = 0}. Then 

TX x M 

S x = T m Mi © T m M 2 © TMi x M + T m 2 x M - 

X X 

Example 1 . 12 . Let X = M n with coordinates (x^°\ x^, x^ 2 \ x^). Define 
M\ = {xW = x® = 0}, M 2 = {x( 2 ) = x^ 3 ) = 0} and M 3 = {x^ = x® = 
0}. Then 

S x = TmMi © TmM 2 © T m M 3 . 
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Remark 1.13. When x is °f transitive type, the zero section S x becomes 
a vector bundle over M as we have already seen. However, in general, the 
simultaneously linearizable condition is not enough to assure the existence of 
a vector bundle structure on S x . Another important exceptional case where 
S x has a vector bundle structure has been studied in m- 


If x is not °f transitive type, generally S x is not a vector bundle over 
M = P| fc Mfc as the following example shows: 


Example 1.14. Let X = M 3 with coordinates (xi, X 2 , X 3 ), and let x = 
{Mi, M 2 } be a family of closed submanifolds in X defined by Mi = {x 2 = 
X 3 = 0} and M 2 = {x\ = X 3 = 0}. Then S x is locally isomorphic to M 3 
with coordinates (£ 1 , £ 2 , £ 3 )- Let f = (/ 1 , { 2 , f$) : X —>• Y be a coordinates 
transformation on X to its copy Y with coordinates (yi, 2 / 2 > 2 / 3 ) which sends 
Mi and M 2 to their copies defined by the same equations { 2/2 = V 3 = 0} and 
{yi = 2/3 = 0} respectively. Then the associated coordinates transformation 
from S x to its copy S x with coordinates ( 771 , 772 , 773 ) is given by 


m 

m 


= ^ 0 ) 6 . 


Hence S x is not a vector bundle over M = {0}. 


1.4 The local model 

Throughout the paper we will often study the local model, i.e., the case 
in which X = M n with coordinates x = (xi, ... ,x n ) and the submanifolds 
Mj E x (j = 1) • • • 5 L) are defined by (x* = 0, i E Tf\ with Ij C {1,..., n}. 
In this setting we are able to study a more general situation we are going to 
explain below. 

First of all, we may allow Ij = Ik if j 7 ^ k. The action associated with 
X is now defined by Hj{x, A) = (A a / 1 xi,..., X a ^ n x n ) with Oj t non-negative 
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rational numbers, aji 7 ^ 0 if i G Ij, ctji = 0 otherwise. We introduce such a 
situation from now. 

Let m + 1 be the number of coordinates blocks, that is, coordinates (x) 
of M ra are divided into (m + l)-coordinates blocks 

(x (0) , x (1 \...,x (m) ). 


Under these coordinates blocks, each Mj is assumed to be linearized, that 
is, for each Mj, there exists the subset Kj C {1, 2,..., m} such that 

(1.11) Mj = {x {k) = 0 (k G Kj)} (j = 1,2,...,4 

Let A x = ( dij ) be an l x m matrix with ciij G Q>o, and we take the positive 
rational number a a so that aACiij G Z and all the UA^ij (1 < i < l, 1 < j < 
m) have no common divisors. 

Then we can define a more general normal deformation X = x with 
the map p : X —> X defined by 

( 1 . 12 ) p(x-1) = (*<°>, V!(ty A xV ,..., p m {ty A x^) 

with 

l 

(1.13) Mt) = U t 7 k (A; = 1,2,..., m). 

i=i 

Comparing with the matrix A- x , when t G (M + )^ we have 


(log<^i,...,log^ m ) = (logti,...,log^)A r 

In this setting, the action p : X x (M + ) £ —> X is defined by the same equation 
as the one in (| 1 . 8 D . that is, 

(1.14) 

te 


K(x; t), A) = ^x (0) , </?i(A)x (1) , ..., ip m { A)x (m) ; •••> 

and pj : X x M + —>• X for each j is obtained by 

(1.15) 


A 


1 /<r A 


Pj 


i((x; t),Xj ) = ( x (0) , A“ jl x (1) , ..., A“ jm x (m) ; U, ..., - J , ..., t e 
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for A j € M + . Note that the actions /i and fij on X (which are denoted by 
the same symbols as those on X ) are given by 


(1.16) 


K x , A) = (x (0) , (^i(A)x (1) , <^ m (A)x (m) ) , 

j) = (x (0) , A^V 1 ), ..., X a / m x^ . 


Then we assume: 


A2. Each Mj coincides with the set of fixed points of the action fij on X. 
That is, we have 


(1.17) x € Mj <*=>■ Hj(x, X j) = x for any A j € M + . 

In terms of A x , this condition is equivalent to saying that 


(1.18) djk / 0 x ^ = 0 on Mj. 

Example 1.15. Let us see some examples in M 3 with variables (xi,X 2 ,x 3 ). 


• Let ALi = {x\ = 0}, M 2 = {x 2 = X 3 = 0} and consider the action on 
X by 

H(x,t) = (xitl,X2t2,Xst2). 

Then we can take x W = x\, x^ = (x 2 ,x 3 ) as the coordinates blocks 
and the associated matrix is 


A x = 


1 

0 


0 

1 


• Let M\ = {xi = X 2 = 0}, M 2 = {x 2 = 0} and consider the action on 
X by 

n(x,t) = (xiti,x 2 tit 2 ,x 3 ). 

Then we can take x^ = xi, x^ 2> = X 2 , x® = x 3 as the coordinates 
blocks and the associated matrix is 


Ax = 


1 1 0 \ 

0 1 0 j' 
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• Let M\ = M 2 = {0} and consider the action on X by 


H(x,t) = (xit\t2,X2t\t2,Xzt\t2). 


Then we can take = (x\,X 2 ), x^ = x 3 as the coordinates blocks 
and the associated matrix is 



3 2 
1 1 


• Let M\ = {xi = X 2 = 0}, M 2 = {x 2 = £3 = 0} and consider the 
action on X by 


H{x,t) = (xiti,X2tlt2,X 3 t2). 


Then we can take = x\ , x^ = X 2 , x^ = x 3 as the coordinates 
blocks and the associated matrix is 



Finally, in a local model, we use the same terminologies as in Definition 
Ol and Lemma 11.51 That is, 

Definition 1.16. We say that ji x has maximal rank i/Rank A x = min {£, m} 
holds for the associated matrix A x of \i x . It is said to be non-degenerate if 
Rank A x = £ and transitive if Hank A x = m. 

2 Multicones for a general case 

In this section we find a family of multicones associated to a multi-normal 
deformation. We mainly work in the local model introduced in Subsection 


Ol 


2.1 Fixed points of S x 

As we have seen in the previous section, if \ is of transitive type, S x is the 
Cartesian product of vector bundles over M. Hence we can consider the 
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subbundle consisting of points £ = Xm ■ ■ ■ Xm where some of £) fc )’s 
belong to the zero section of the corresponding vector bundles. Here we 
introduce its counterpart for a general case. 

For a = ( 01 ,..., ag) € we define the action p a : S x x M + —>• S x by 

A*°(p, t ) := p(p, t ai ,...,t ae ) (t €M + ). 

Definition 2.1. We say that a point p E S x is a fixed point (with respect 
to the action p) if there exists a = (ai, ..., ag) E for which p a is not the 
identity action on S x and p is a fixed point of p a , that is, p a f, t ) id^ x for 
some t > 0 and p a {p, t) = p for any t > 0. 

We give some examples. 

Example 2.2. Let x be a linearizable family of closed submanifolds. We 
assume x to be of transitive type. Then S x has locally a system of coordinates 
blocks ( x ..., £( m )) as described in the previous section, where m is 
the rank of the family x- In this coordinates, the set of fixed points is given 
by (l^ 1 ) ll'?;*' 2 ) I ••• = 0}. Hence a point is located outside the set of fixed 

points if and only if all the ^ k )’s are different from the origin. 

Example 2.3. Let us consider the situation observed in Example \1.14\ In 
this case, the set of fixed points is given by 

{6 = 6 = 0 or £ 2 = 6 = 0 or £1 = £3 = 0 }. 

Hence a point is outside the set of fixed points if and only if at least two fi’s 
are non-zero. 

Let us consider a local model described in Subsection m where m + 1 
denotes the number of coordinates blocks and I designates the number of 
manifolds in x- Set L := RankH^. Note that L < min {£,m} holds. 

Lemma 2.4. Let p = (an 0 ), ^ 1 ), ..., ^ m >) £ S x be a point outside the set 
of fixed points. Let 1 < j\ < ■ ■ ■ < Jl < l and assume that the ji-th rows 
(1 < i < L) are linearly independent. Then there exist l < k\ < ■ ■ ■ < kL < 
m which satisfy the following conditions. 
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1. ^ / 0 (1 < i < L). 


2. The L x L submatrix made from the ji-th rows and the ki-th columns 
(1 < i < L) in A x is invertible. 

Proof. By taking ji -th rows (1 < i < L) in A x , we may assume that the 
size of A x is L x m. By a permutation of columns, we may further assume 
k ) = 0 {k > m') for some m!. Let A be the L x m' submatrix of A x 
consisting of the first m/-colunms. If any choice of L-columns in A gives 
linearly dependent column vectors, then the rank of A is less than L, and 
hence, we can find a non-zero row vector a = (ai,..., aif) € M. L with a A = 0. 
Then the associated action p a is different from ids x and p a (p,t) = P holds 
for any t > 0. This contradicts the fact that p is not a fixed point. Hence 
we can find L-columns which satisfy the claim of the lemma. □ 

Corollary 2.5. Let p = (x^°\ ..., £ S x be a point outside the set 

of fixed points. Then, by an appropriate permutation of coordinates blocks 
and that of the parameters in the action p, we have the followings: 

1. The first L-directions of p are different from the origin, i.e., 0 

(1 < k < L). 

2. The L x L submatrix made from the first L-columns and the first L- 
rows in A x is invertible. 

2.2 Semigroups of generators 

From now on, we consider the problem under the local model described 
in Section PI Let m + 1 be the number of coordinates blocks and t the 
number of submanifolds in y. Set L := RankH^ (1 < L < min{f, m}). By 
an appropriate permutation of coordinates blocks and that of parameters of 
the action p, we assume that 

the first L x L submatrix in A v = (an.) is invertible, 

(2.1) X V 3J 

that is, det (a jk )i<j,k<L f 0. 

P=(xW;O = ( X {0) -,Z { i), ...,e (m) )e5 x . 


Take a point 
( 2 . 2 ) 
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Then we also assume that 


(2.3) 


if the k -th column of A x is a zero vector, 
then the corresponding j s zero . 


By the assumption (12.11) . we may assume that p is normalized as 

(2.4) |£ (fc) | = 1 for 1 < k < L with £ (fc) / 0. 

Note that we cannot assume this normalization for indices k > L. 
Recall that the action on X is given by 


(x (0) , . ,ip m (X)x (m> ) 

for A = (Ai, ..., A i), where m -functions tp\, ..., are monomials of A 
defined by 


,d) 


( m h 


M A) = a? 1 * • • • a; 




( k = 1 ,...,m). 


Here ajk s are entries of A x = ( ajk) with ajk € Q>o- 

Let r denote m -variables (ri, ..., r m ), and we denote by r' the hrst L- 
variables of t and by t" the rest, that is, we have r = (t', t") with 


(2.5) 


r' = (ri, - - -, r L ) and r" = (r L+ 1,..., r m ). 


In the same way, we denote by X' the first L-variables of A and by X" the 
rest, that is, A = (A 7 , X") with 

(2.6) A'= (Ai,...,A l) and A" = (Al+i, ■ ■ ■, A^). 

Consider the L-equations of X' 

(2.7) r' = ip'{X', A"), 

where p 1 denotes (tp\, ..., ipi,). Then, by the assumption, the system of the 
equations can be solved for the variables A' = (Ai,..., A^). That is, we can 
find 


( 2 . 8 ) 


A' = ^(t', A") = fo-V, A"), ..., A")) 
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which satisfies 


(2.9) T k = M^-\r', A"), A") (k = l,...,L). 


Let T~L t (resp. 7~L T) a) be the set of non-zero monomials of rational powers 
of r (resp. r and A) with coefficients 1, that is, each element has a form 

rf 1 • • • (ai,..., a m € Q) 

(resp. Tf 1 • • • r" m A^ 1 ■ • • A^ (ai,..., a m , A ,...,fy G Q))• 

For / € "Hr,A given in (12.10ft . we denote by ^k(f) (resp. z/ A (/)) the exponent 
of the variable (resp. A-,) in /, i.e., 

(2.11) v k {f) = a k and z/ A (/) = fy. 

Then we regard L/ T: ,\ x M>o to be a semigroup with its multiplication defined 
by, for pairs (/, v) and (g, w ) € % Ti a x M>o 

(2.12) (/, v)(g, w) = ( fg , to). 

Let Al and B be semigroups in T~L t ^\ x M>o- Then we define the semigroup 
A V B as the minimal semigroup in x M>o containing Al and B , that is, 

(2.13) AvB = {f,g,fg-,feA,geB}. 

We also define the semigroup 

(2.14) A*B := {fg-, f E A, g & B}. 

For example, {(1, 0)} is a semigroup in 'H T \ x M>o which consists of only 
one element (1, 0). Then 

& * {(1, 0)} = {(/, 0); (. f,v)€B}. 

We can also regard % T x M> 0 C % Ti \ x R>o to be a semigroup and define the 
corresponding operations on H T x M>o induced from those on 'H T< \ x M>q. 
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Set, for p = (x^; £) = (i^; € S x given in (12.21) . 

Jzig) :={fc€{l,2,...,m}; £ (fc) = 0}, 

•M£) FI {1,2,... ,L} = {ki, k 2 , fcq} 

(1 < &1 < &2 < ‘ ‘ ’ < k q < L ), 

where q := # (Jz(£) n {1,2,..., L}) > 0. We define, for a subset A in 
T-L t ,\ x K>o, 

(2.17) 7L> := {(/, v) € A; i /*.(/) > 0 (1 < z < q)} f| (H r x R> 0 ), 

(2.18) A = : = {(/, n) G A; u ki (f) = 0 (1 < z < g)} f| (« T x R> 0 ), 
and 

(2.19) d>:=i>\i = C(?i r xR>o). 

Note that, if B is a semigroup in H Tt \ x M>o, then £>>, £>= and are 
semigroups in H r x M>o- For a subset vl C H T: A x M>o, we introduce its 
fraction Q(^4) C H T ^\ x M>o by 

( 2,2 °) A \JUf ’ v )}{(/,v)eA ; ^o}’ 

Definition 2.6. Let A and B be semigroups in H T x M>o- We say that A 
and B are equivalent if and only if there exist natural numbers Ni and N 2 
with 

(2.21) (A) Nl C (B) N2 C (A). 

Here (A)n denotes the semigroup 

(2.22) (A) n = {(/, v) N ; (/, v)GA}c A. 

Remark 2.7. If {Q)n = A (N € N) holds for semigroups A C Q, we 
sometimes say that the radical of A is Q. 


(2.15) 

and assume 

(2.16) 
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Now recall that p 1 (t', A") was defined in (I2.8|) . Then we define 

(2.23) Mr, A”) := yl) U < * < " 0 - 

Lemma 2.8. Let L < k < m. Then ipjfip- 1 (t 1 , A w ), A") depends only on 
the variables r'. In particular, ifk{ T -> A") does not depend on the variables 

A". 


Proof. The /c-th column of is a linear combination of the first L-columns 
in A x , and thus, there exist a^j € Q satisfying 

Vk= W ¥>“ w (L < k < m). 

1 <j<L 

Hence we have 

TkiT^ir', A"),A") = Yl TAT~ 1 ( y T ' ^ X ")^ X "T kj 

1 <j<L 

= n T’- 

l<j<L 

□ 

By the lemma, ifk( T i A w ) is denoted by V ; fc( r ) {L < k < m ) in what 
follows. Now we introduce the finite subset G in H T ,\ x M>o defined by 

(2.24) 

c := Q ({(^\ o) } iasi U { (*. I« (t, l) } 1<tSm U <» W) ■ 

Remark 2.9. In the definition of G, we use the fact that the point f is 
normalized, that is, |£^| = 1 for 1 < k < L with 0. When f is not 

normalized, we define G by 

(2.25) 

G '■= Q °) } i<j</) U { n k(0) } L<k<m U • 

Here we set 

(2.26) n fc (£) := ^ (l^l+.i, |C W l+,2, ■ ■ ■ , |£ W | +I m) , 

where = |£^| if k ^ Jzifi) fl {1,... ,L} and |£(*i| +i fc = 1 otherwise. 
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Remark 2.10. If the associated action p has maximal rank, the definition 
of G becomes much simpler. In fact, when the action p is non-degenerate, 
we have 

(2.27) G = Q (ipj\r'), o )} U { (^( T )> n ^)) • 

Note that, in this case, G is contained in TL t x M> 0 , that is, the variables A 
do not appear. On the other hand, when the action p is transitive, we have 

(2.28) G = Q A"), 0)} ia£m U {(Aj, . 

In this case, the function ifk does not appear. 

We then define the semigroup in W T x M>o by 

(2.29) Q := [£?]_ \/ ([G]> * {(i, 0)}) . 

Here [B] denotes the semigroup in H T ,\ x M>o generated by a subset B, that 
is, if B consists of (f s , v s ) (s € A) for a finite subset A, then 

(2.30) [B] := | Y[(f s , v s ) as € H r ,\ x M> 0 ; € Z> 0 (s G A) 1 . 

UeA J 

Note that [B] contains the unit (1, 1) because we allow all the a s to be zero. 

The semigroup Q seems to depend on the choice of linearly independent L- 
columns in A x . However, by the following lemma, we see that it is essentially 
independent of such a choice for our purpose. Define the finite subset G C 
H r ,A x M> 0 by 

(2 ' 31) Q ((^(A)’ l?(1)| ) ’ "' ’ (^(A)’ ^ M| ) ’ (Al ’ 0) ’ "' ’ (A ^ 0) ) ’ 
and set 

(2.32) g := {U T x M> 0 ) roe]. 

Proposition 2.11. The semigroups Q and Q are equivalent. To be more 
precise, we have 

(2.33) {Q)n C Q C Q 
for some JVgN. 
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In this proof, we adopt (12.251) as the definition of G , that is, the normal¬ 
ization of £ is not assumed. Set 

T ' x):= ^k) (fc=1 ’'"’ m) ' 

Then the proposition is a consequence of the following 3 lemmas. 


Lemma 2.12. We have 


(WrX»> 0 ) n [G]=Gcg. 

Proof. Take (/, v) G ( PL T x M> 0 ) P|[G]. Then, by definition, there exist 
ak , Pj G Z such that 

(/M,o)= n te. I« w ir n 

l</c<m 1 <j<^ 

Here a*, > 0 if k G Jz(Q and f3j > 0 (1 < j < £). Note that it follows from 
construction of G that b'k(.f) > 0 for any A: G Jz{£)- Since /(r) does not 
depend on A, by putting X 1 = A") into the above equation, we obtain 

/= n 'ptHi',*')* n n a ?- 

1<7<L L<k<m L<j<£ 

Set 


(f,v')= JJ \ 0 )^ JJ (V> fc , n fc (£)) afe n (Aj, 0)&. 

1 <j<L L<k<m L<j<£ 

Note / G "Hr. Then it follows from the definition of 1/ that we have (/, i/) € 
£ if Vk(f) = 0 for all k € Jz(£) D {1,..., L} and (/, 0) = (/, v') * (1, 0) G Q 
if u k{f) > 0 for some k G Jz(f) D {1,..., L }. Hence, to show (/, v ) G Q, it 
suffices to prove v = v' for the former case and v = 0 for the latter case. 

Assume Vk{f) > 0 for some k G Jz(Q D {1,..., L}. Since only gj- contains 
the variable Tfc, the corresponding a*, must be greater than 0, and thus, v 
becomes zero. This implies (/, v) G [G]> * [(1,0)]. 

Assume Vk(f) = 0 for any k G Jz{Q n {1,..., L}. Since otk = 0 for 
any k G Jz(0 Gl {1,..., L}, if v = 0, then some f)j or some on- with k G 
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Jz(0 n{L + l, ..., m} is non-zero. Hence, we have v' = 0 and we conclude 
(/, v) € [G]= when v = 0. 

When v / 0, we have f3j = 0 for 1 < j < £ and = 0 for k € Jz(£)> 
which implies v' ^ 0. Then (/, v) € [G]= immediately follows from the 
following elementary lemma. Hence we obtained the desired inclusion. □ 

Lemma 2.13. Let ( h,w ) E Q with w ^ 0. If h can be written in the form 
FI T k k f or some $k S Q (1 < k < m), then we have w = H |£W| 5fc . 

1 <k<m 1 <k<m 

The same fact holds for an element (h, w ) € Q with w ^ 0. 

Proof. Since w / 0, we have ( h,w) € \G\= and it is a product of integer 
powers of ('i/’fe, n k (f)), he., there exist a*, € Z such that 

(2.34) (h,w) = (ifk,n k ^)) ak . 

L<k<m 

We temporarily regard l^ 1 ^, ..., |£^| as variables and, for 1 < i < m, we 
dehne in the similar way as that for z/j, i.e., v\{g) denotes the exponent of 
in a polynomial g of variables l^ 1 ^, ..., Then, by the definition 

°f we have, for 1 < k < m, 

n{^k) = vH n k(Q) (* ^ n {l,..., L}) 

and 

u i{ n k(0) = ° Jz{f) n ,L}). 

Then, by (12.341) . we get 

M h ) = i/f(w(0) (* i Wfln{l,...,L}). 

Since (/i, uz) € [G]= implies Vi(h) = 0 for i € Jz{Q H {1,..., L}, we finally 
obtain 

u ii h ) = "{(MO) (l<*<m), 

from which we get the first claim. 

Since (/i, w) £ Q with w / 0 implies that h is a product of integer powers 
of T k /tp k (Xys (1 < k < m), i.e., no factors (A j, 0) appear, we can easily 
conclude the second claim. □ 
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Now we will prove the converse inclusion. 
Lemma 2.14. We have 


(G)n C G = (7i T x M>o) f|[ 0 ] 

for some JVgN. 


Proof. It follows from the relations 


<^V(A',A"),A") = A,- (1 <j<L) 


that 


A") 

—— - (1 < j < L) is expressed by a product of rational powers 

A i 


of gi, ..., gL, that is, there exist 7 ^ S Q such that 
(2-35) ^ ( [ ’ A } gl ik (1 < j < L), 


A,- 


l<k<L 


equivalently we have 


(2.36) ^7 V, A") = [] ^ A, (1 < j < L ). 

\i<fc<L / 

By using (12.351) . we see that t/’fc is also expressed by a product of rational 
powers of gi, ..., g rn . that is, there exist 7 J - k € Q such that 

(2.37) Vh= If ^ ( L<j<m ). 

l</c<m 

Let (/, v) G G- By definition, there exist a k and f3j G Z such that 

(/> u) = n °)“ fc n n ^ °) ft 

l</c<L L<k<m L<j<£ 

holds if 1 'k(f) = 0 for any k G J^(()n{l,2,...,I}, and 

(./»= n °) afc n n k {o) ah n ( a j>°)^ * (m) 

l<k<L L<k<m L<j<l 

holds if t'fe(Z) > 0 for some k G Jz(£) PI {1, 2, ..., L}. Here (3j > 0 for any j 
and Ofc > 0 if 1 < k < L or if k > L with k G Jz(Q- 
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Then, by putting (12.361) and (I2.37P into the above /, we can find 5k E Q 
satisfying 

/= n "? n c n 

l<k<m l<k<L L<j<£ 

Since only gk contains the variable 77 ., we know 5k = ^k(f) (1 < k < m). In 
particular, we have 5k > 0 for k E Jz(Q- Set 

(/,»')= n (». i{ w D i * n (>», o)»* n 7,07. 

l<k<m l<k<L L<j<£ 

By definition, if the natural number N is taken to be the common denom¬ 
inator of rationals 7^’ s and we find (f N , v' N ) E (' H T x M>o) fl [G]. 

Hence to show (f N , v N ) E (fii T x M>o) fj [ G ], it is sufficient to prove v = v'. 

Now assume v = 0. If Vk(f) > 0 for some k E Jzifi) H {1,2 ,...,L}, 
clearly we get v' = 0 because of 5k = Vk(f) > 0. Hence we assume Vk{f) = 0 
for any k E Jz(£) D {1,2,...,L}. Then v = 0 implies either ak > 0 for 
some 1 < k < L or /3j > 0 for some L < j < i or aj. > 0 for some 
L < k < m with k E Jzifi )■ The last case implies eh, > 0 for the same 
k as 77 only appears in gk- Hence we have v' = 0 and we conclude that 
(Z^, E fiH T x M>o) n[G] in tins case. 

Next assume r / 0. Then we have /3j = 0 for L < j < £ and ak = 0 for any 
1 < fe < L or any L < k with k E Jz{£)- Furthermore, we have Vk(f) = 0 
for any k E Jz {£) fl {1, 2,..., L} because w/0 means (/, v) E [G]=. Hence, 
in particular, we obtain = i'k(f) = 0 for /c E Jz(£) and 

</,»')= n (9*. i« w D i ‘. 

l</c<ra,/c^ Jz(£) 

which implies v' 0. Then v = v' follows from Lemma 12. 131 
the proof. 

We can also show the following finiteness property. 

Proposition 2.15. Q and Q are finitely generated. 

Proof. We only show finiteness of Q because the proof goes in the same way 
for the case of Q. We denote by 7 r : x R>o —>■ T-L t the projection which 


This completes 

□ 
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forgets v of (/, v) E 7i T x M>o- Clearly we have 7 t(Q) = 7r([G]>), and it 
follows from Gordan’s lemma that 7r([G]>) is finitely generated. 

Hence it suffices to show 


k\g : Q 7t([G]>) 

is an isomorphism of semigroups. We make the inverse of 7r|g. Let h E 
vr([G] >). Then h has the unique form 

h = fc'r ■ ■ ■ • • • a? 1 , 

where f3j E Z>o (L < j < £), ak E Z>o for either k E Jz(C) or 1 < k < L, 
and afc E Z otherwise. As a matter of fact, the uniqueness comes from the 
condition (12.111 and the fact that Tk (k > L) is contained only in 
Now we define 

if ctfc > 0 for some 1 < k < L 

0 or if /3j > 0 for some L < j < l 

v ( or if Uk(h) > 0 for some k € Jz(0 D {1,2,..., L}, 

] [ n k(0° k otherwise. 

L<k<m 

Then we see (h, v) € Q. It is easily checked that this correspondence from 
>) to Q gives a morphism of semigroup and becomes the inverse of 
n\g- □ 

The following lemma is useful through the paper. 

Lemma 2.16. We have the followings: 

1. For k E Jz(£) and (/, v) in Q or Q, we have Vk{f) > 0. 

2. There exists N £ N such that (rjf, 0) belongs to Q and Q (1 < k < m). 

Proof. Since Q and Q are equivalent, it suffices to show the claims for Q. 

The claim 1. comes immediately from the definition of G because every 
pair in G does not contain a negative power of the variable Tk for k E Jz{£)- 
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Let us show the claim 2. If ipk = 1, we have = 0 by the assumption 
dZ5D , and thus, (r/ c , 0) € £/. If <p>k 7^ 1, by noticing (A j, 0) € G (j = 1,..., £) 
and (Tk/^PkW, |£ (fc) |) € G , we have (r^, 0) € £/ for sufficiently large N € N. 
This completes the proof. □ 


2.3 Families of cones 

Let p = ( x (°); £) = (aj(°);^( 1 ) ) ... , £( m )) be a point in S x . Set 


(2.38) 


|x«| := (Ix^l, |x^ 2 ' ) | 


|a^*Y := (|xW|, |x (2) |, ••• , |xW| 


Let H be a finite subset in % r x R>o- We denote by C(fi, Lf) a family of 
subsets of X in the form 

z (fc ) G W k (k = l,...,m), 

(2.39) < (x^°\ x*- 1 ),..., x^) € X; v — e < g < v + e 

for (< g , v) <E H 
where e > 0 and each Wk satisfies either 1. or 2. below. 

1. Wk is an M + -conic open subset in M nfc \ {0} containing the point 

if k i j z (0 - 


2. Wk is just M n, = if k € Jz(Q- 

Lemma 2.17. Assume that [H] and Q defined in (I2.29P are equivalent. 
Then C(£, H) is well-defined, and it is an open subset and bounded with 
respect to the variables x^ 1 ', ..., x^ m \ 

Proof, it follows from the claim 1. of Lemma 12.161 and the definition of Wk 
that, for any (g, v ) € H, the function g (Ian*) |) is well-defined and continuous 
on the region (a;) 1 ), ..., x^) € W± x ■ ■ ■ x W m . Hence C(£, H) is an open 
subset. Boundness is a consequence of the claim 2. of the same lemma. □ 


Then we set 

(2.40) C(0 = \JC(Z,H), 

H 
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where H runs through the family of finite subsets in / H T x R>o such that 
[H] and Q are equivalent. Let ir : S x —>• M = M\ n • • • (~l M( be the canonical 
projection. 

Definition 2.18. We say that an open subset V C X is a germ of a mul¬ 
ticone at p 6 S x if there exist an open neighborhood Q of n(p) in X and 
W € C(£) satisfying 

(2.41) (Wnfi)cV. 

Remark 2.19. As the semigroup Q is finitely generated, we can take gen¬ 
erators of Q as H. Then it is easy to see that C(£, H) becomes a cofinal 
family of C(f). Furthermore, since Q and Q are equivalent, we can obtain 
the same family of multicones if we replace Q with Q in the above definition. 


Remember q := ff{Jz{f) D {1,..., L}). We now give the explicit method 
to obtain a finite set F q in "H r x M>o for which C{^,F q ) gives a cofinal 
family of C(£). 

Let F be a finite set in Fl Tt \ x M>o and k G {1,2,..., L}. We will consider 
an operation Ck on F which generates a finite subset in TL T) \ x M>o: The 
subset Ck(F) C TL t ,\ x M>o consists of the following elements: 

FI. (/, v) for (/, v) € F with v k {f) = 0. 

F2. (/, 0) for (/, v) € F with v k {f) > 0. 

F3. ( f a g b , v a w b ) where (/, v ) and (g, w) in F with v k {f) > 0 and v k (g) < 0, 
and the natural numbers a and b are taken to be prime to each other 
with a\v k {f)\ = b\u k (g) |. 

The following lemma is an easy consequence of the above operations. 

Lemma 2.20. For any (f,v) € C k {F), we have v k (f) > 0. Furthermore, 
for (f,v) € C k {F) with » / 0 , we have v k (f) = 0, i.e., f does not depend 
on T k . 
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Let j €{1,2,..., £}. We also introduce the similar operation £j{F) with 
respect to the variable A j. The subset £j(F) C T~L Tt \ x M>o consists of the 
following elements: 

FI. (/, v) for (/, v) G F with vf{f) = 0. 

F3. ( f a g b , v a w b ) where (f,v) and (g,w) in F with i/*(/) > 0 and v*(g) < 
0, and the natural numbers a and b are taken to be prime to each other 
with a\vj(f)\ = b\iSj(g)\. 

Note that, in this case, there is no counterpart of the operation F2 in £ k . 
Hence, unlike the operation £ k , the variable A j is eliminated completely by 
the operation £*. 

Recall the finite subset G C H T ,\ x R>o defined by (12.24(1 or (1 2.25 [1 when 
£ is not normalized. Then, we apply the operation £j ’s (L < j < i) succes¬ 
sively to G, we obtain the finite subset F° whose elements are independent 
of the variables A because an element of G is independent of the variables 
A' and the operation £j eliminates the variable A j (L < j < £), that is, 

(2.42) F° := (£$ o ■ ■ ■ o £ X L+1 )(G) c7i r xR> 0 . 

Next we apply the operations £ kl , ■ ■ ■, £ kq successively to F°, we get the 
subset F q C Hr x M>o, i.e., 

(2.43) F q := (£ kq o...o£ kl )(F°) C U r x K> 0 , 

where q = #(Jz(f) FI {1, 2,... ,L}) and J z {£) n {1,2 ,...,L} = {h, ...,k q } 
with 1 < k\ < ■ ■ ■ < k q < L. 

Remark 2.21. For convenience, we also set 

(2.44) F 0,r := (£* o ■■■ o C\ +l )(G) C U T , X x M> 0 ( L<r <£), 

and 

(2.45) F s :={C ks o---oC kl ){F 0 )^U r X R> 0 (1 <s<q). 
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Remark 2.22. If p, x is non-degenerate, as L = £ holds, we get F° = G, 

1. e., an element of G is independent of the variables A. Hence we have 

(2.46) F«:=(£ kq o...o£ kl )(G). 

On the other hand, when p = (x^; £) G S x is outside fixed points, by 
Corollary 12.51 we can take coordinates blocks so that the conditions 1. and 

2. of the corollary hold. Then, under such coordinates blocks, since Jz{fi) H 
{1, 2,... , L) becomes empty, we have q = 0 which implies 

Fi = F° = {C x ,o...oC\ +l ){G). 

In particular, if p x is non-degenerate and p is outside fixed points, under 
the above coordinates blocks, we have 

F q = F° = G. 

The following lemma easily follows from the previous lemma. 

Lemma 2.23. For any (f,v) G F q and k G Jz(Q, we have v k {f) > 0. 
Furthermore, for (f,v) G F q with v 0 and k G Jz(€), we have Vk(f) = 0. 

F q is not a family of generators of Q in general, however, it enjoys the 
following good property from a geometrical point of view. 

Proposition 2.24. 1. We have [i 79 ] C Q. We also have Q (F s ) = F s for 

any 1 < s < q and Q(F 0,r ) = F 0,r for L < r < t. 

2. [F q ] and Q are equivalent. In particular, the radical of [F q ] is Q. That 
is, there exists N G N such that (/, v) N G [F q ] for any (/, v) G Q . 

Proof. These claims can be proved by the induction on the number of op¬ 
erations Cfif s and £fcAs. Since argument used in the inductive step on the 
number of the operations £ x, s is the same as that for the operations Ckfi s, 
for simplicity, we show the claims only for the case L = £, i.e., F () = G. 

It is easy to see that, for a subset A C H r ,x x K>o, we have 

(QoC k oQ)(A) = (C k oQ)(A). 


33 


In what follows, we denote by A > q, Q q and etc. the corresponding objects 
when q = q. 

Let us show the claim 1. by the induction on q. When q = 0, the claim 
clearly holds. Suppose that the claim is true for q = q, and we will show the 
claim when q = q + 1. We have 

F q+1 = C k ~ +1 (F q ) = (jC k „ +1 o Q)(F«) = (Q o C h+1 o Q )(F q ) 

= (QoC k . +1 )(F q ) = Q(F q+1 ), 

which show the first claim of 1. for q = q + 1. Since we have 

by the induction hypothesis and since we can easily confirm C k ^ +1 {Q q ) C 
Q q+l , we have obtained 1 ] c which shows the second claim of 

1. to be true for q = q + 1. Hence, by the induction, we have shown the 
claim 1. 

Next we will show the claim 2. by the induction on q > 0. Assume first 
q = 0. In this case, Q = [G\ = [F°] holds, and hence, the claim 2. is true. 

Suppose that the claim 2. is true for q = q — 1 > 0. We will show the 
claim 2. for q = q. Let (/, w) € and assume F q ~ l = {(/i r , v r )} r . 

Let us first consider the case v / 0. In this case, we have (/, v ) € [&'] =f j, 
and hence, (/, v ) € also holds. It follows from induction hypothesis 

that there exists IVg_i € N and {ov} r of non-negative integers such that 

(/, V) N *~' = J] (hr, V r ) a F 

r 

Then (/, v) G [G\ = q implies 

^ ^ (Xr^kg {J^r) = 0 . 

r 

Now let us consider the following procedure: Choose an index r* such that 
\<%r* iy k~(hr*)\ is minimum in the set of non-zero |a r zy Ci? (L r )|'s, and then, find 
an index r' and a positive rational number f3 r / such that 

0 < /3 r > < ay/, a r *Vk 5 (h r *) + P r >Vkg(h r i) = 0. 
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Note that such an index r' and /3 r i necessarily exist by the choice of r*. By 
repeated applications of the procedure described above, we can find a finite 
number of ( g r , w r ) € F q with z^-(gy) = 0 and positive rational numbers fi r 
such that 

(/, V ) JV «- 1 = 

r 

where each g r is generated by the operations FI or F3. 

Next we consider the case v = 0. By induction hypothesis, there exist 
Ng_ i € N and a family {a r } r of non-negative integers such that we have 
either 

(/, v)^- 1 = Y[{h r , v r ) ar * (1,0), '^2at r v k -(hr) > 0 

r r 

if I'kiif) = 0forl<i<g—1 and ^.(/) > 0 hold, or 

(/, v)^- 1 = JJ(h r , v r ) ar , 'Y^a r v k -(h r ) > 0 

r r 

otherwise. In both the above cases, by applying the same argument, we can 
find a finite number of ( g r , w r ) € F q with Vkq{gr) = 0, (g s , 0) € F q with 
u kq{gs) > 0, positive rational numbers f3 r and f3 s such that 

(/, u)^- 1 = !rr) fr J]&, °)^ s ’ 

r s 

where each g r is generated by the operation FI or F3 and each g s is a 
consequence of the operation F2. 

As a conclusion, for each (/, v) € Q q , there exists JVgN such that (/, v) N 
belongs to [F q ], Furthermore, since Q q is finitely generated, we can take such 
an N uniformly. Therefore the claim 2. is true for q = q, and thus, it is true 
for all q. This completes the proof. □ 

As an immediate corollary, we obtain: 

Corollary 2.25. C(£, F q ) gives a cofinal family of C(fi). 

Example 2.26. Now let us consider the following simple example. Let 
m = 3 and 1 = 2 where the action fi is defined by 

(z (0) , A^ 1 ), A 2 a;( 2 \ AiA 2 x^) A = (A 1; A 2 ) € (M + ) 2 . 
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Hence we have 


^i(A) — Ai, (p 2 (A) — A2, </? 3 (A) — A1A2 

and 

<PT V) = r i, <^2 1 ( r ) = r 2- 

Thfce p = (0; 0, 0,^ 3 ^) € <S X with / 0. T/ien t/ie initial set F° is given 
by 

{(n, 0), (r 2 , 0), (t 3 /(tiT 2 ), |£ (3) D, ((rir 2 )/r 3 , 1/|C (3) I)} - 
Therefore F 1 is giuen by 

{(n, 0), (r 2 , 0), ((TiT 2 )/r 3 , 0), (t 3 /t 2 , 0), (1,1)} . 

Then F 2 is 


{(n, 0), (r 2 , 0), ((tiT 2 )/t 3 , 0), (r 3 , 0), (1,1)}. 
Hence the most important inequality of a multicone in this case is 

=£• < e|x®|. 


|a/ 1 )||a/ 2 ^| 

0 — e < —;—— < 0 + e 


x 


(3)1 


As a conclusion, a cofinal family of multicones is given by 


G VF3, 

(a/°\ x^\x^ 2 \x^); | < e, |a/ 2) | 


< e, 


|x^||x( 2 )| < e|a/ 3 )l 

where e > 0 and W$ is a proper convex cone containing the direction 

We have the following characterization of the multi-normal cone by using 
multicones thus defined. 

Theorem 2.27. Let p = (a/ 0 ); £) € S x and Z a subset in X. Then the 
following conditions are equivalent. 


i) P $■ c x( z )- 


36 



ii) There exist aV £ C(£) and an open neighborhood U of n(p) in X such 
that Z C\V r\U = 0. 

in) There exist aV £ C(f, F q ) and an open neighborhood U of ir(p) in X 
such that Z n V n U = 0. 

To prove the theorem, it suffices to show the following equivalence: 

1. p&C x {Z). 

2. Zfl V n U is non-empty for any V £ C{f) and any open neighborhood 
U of 7 t(p). 

3. Z n Ffl U is non-empty for any V € C(£, F q ) and any open neighbor¬ 
hood U of 7r(p). 

We will prove these equivalences step by step in several lemmas below. 
Clearly the implication from 2. to 3 holds. Hence we first show the im¬ 
plication from 1. to 2. 

Lemma 2.28. If p £ C X (Z), thenZnVnU is non-empty for any V £ C(f) 
and any open neighborhood U ofn(p). 

Proof. Let 



5 • * * 5 


x[ m \t lt i,.. .,te,i) € x (i = 1,2,...) 


be a sequence satisfying that p(pi) € Z and 



when i —>• oo. Set 



By Proposition ^. Ill it is enough to prove, for any (/, v) £ (TL r x M>o)H [ G ] 


(2.47) /(l4 1} |> ■■■> l4 m) l) -+ v (z y oo). 
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Set gk ■= Tk/tpk{ A) (k = 1,2,..., m ). Then, by definition of G, there exist 
a.k , (3j E Z such that 

f{r)= n 9k(r, X) ak n 

1 <k<m 1 < j ><£ 

where (3j > 0 and a*, > 0 if k E Jz(£). Now, by putting = |x^| and 
Aj = tJA into /, we have 

/(K w D= n n«*. 

l<fc<m 1 <j <£ 


where := (f^, ..., t^f). Note that 


add*’!, C) 


Vk(ti A ) 


if>| |f<*)| 


(k = 1,2 


holds when ?' —> oo. 

If v = 0, then we have either /3j > 0 for some j or > 0 for some 
k E Jz{C)- Hence we get 


/d*!* ) i) 


n add* 1 !.fr n = 

l<fc<m 1 <j <£ 


If v 0, then we have (3j = 0 and oik = 0 for any k E Jz(0- Therefore 
we get 


/(K w D= n n i£ (fc) r- 

l</c<m,/c^ Jz(£) l</c<m,fc^ Jz(^) 

It follows from Lemma 12.131 that the last term is equal to v. This completes 
the proof. □ 


Let us show the implication from 3. to 1. We need to prepare several 
lemmas. 


Lemma 2.29. Let ai ,..., a m £ M x be non-zero real numbers and vi,...,v m € 
M>o non-negative real numbers, and let {Kk,i}iZi (k = l,...,m) be m- 
sequences of positive real numbers. Then the following two conditions are 
equivalent. 
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1. There exists a sequence {e?;}°^i of positive real numbers satisfying, 
when i —>• oo, 

Q ->• 0, {ei)~ ak Kk,i v k (k = 1,... ,m). 


T/ie m-sequences satisfy, when i oo, 

if ~^ 0 


(peO + u iv+), 


0 

(Kp,i) _a, («5 I i) 0p -> (Vp,i) _a9 (^,i) ap 


(peiv_), 

/ p € 0 + U IV+ and' 
V g G 0_ U AT_ 


(«p ) i) |o,, (*<z,i) M (vp,i) |o,l (%i) |apl 


/p€0 + U 7V+,q € IV+ 
\p€O^U 7V_,g € IV_ 


where we set 0 + = {/e; = 0, a*, > 0}, 0_ = {fe; Ufc = 0, a k < 0}, 

N + = {k; v k > 0, a k > 0} and IV_ = {k: v k > 0, a k < 0}. 


Proof. The implication from 1. to 2. is trivial. Let us show the converse 
implication. 

First assume that N + U N _ is empty. By considering I, we may 

assume aj = ±1. Determine two sequences of positive real numbers 


Cm •— max Up,,,,, 

P&0+ 

Then, by the conditions, we have 


dm 


max n 0 
qeo _ 


1/ Cm OO, 


~ < ' 1 / Cm • 


Here a rn -< f3 m means a m /(3 m —>• 0 (to —>• oo). Now we can find a sequence 
{e m } so that 

e m ^ 0, d m -<v P 1 / Cm, 

which satisfies the required condition. 

Now assume N+UN_ to be non-empty. If N + is non-empty, we take some 
p € N + and set e* := (Kp tl /v p )^ a " p . It is easy to see that 1. holds for {e*}. 
The other case can be shown in the same way. □ 


or 
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Then we introduce the modified operation £ k of C k and Cj of which 
generate conditions appearing in the above lemma. For a finite subset F in 
"H,-,a x K>o, we define some subsets Fo,>, Fb,<, F Xj > and F Xi < of F by 

Fo,> ■= {(f,v) G F; v = 0, i' k (f) > 0}, 

F 0 ,< : = {(f,v) G F; v = 0 , u k (f) < 0 }, 

^x,> := (C/>) G F; v > 0, u k (f) > 0}, 

^x,< := (C/>) € F; v > 0, v k {f) < 0}. 

Then, the set C k (F) consists of the following elements: 

FI. (/, u) for (/, u) G F with z/ fc (/) = 0. 

F2. (/, 0) where (f,v) € F 0 ,> U F Xi> or / = 1/g for some (g,v) € F Xj< . 

F3. ( f a g b , v a w b ) where we take a combination of pairs (/, u) and ( g , re) in 
sets with indices > and < respectively, that is, (/, v) G Fq.> U F X!> 
and (g, w) G Fq.< U F Xj< . And see below for a, b G N. 

F4. ( f a g ~ b , v a w~ b ) where a pair satisfies 

(a) (/,u) G F 0) > U F Xi> and ( 5 , 11 ;) G F X)> . 

(b) (/,u) G F 0 ,< U F x>< and ( 5 , 11 ;) G F Xj< . 

Here the natural numbers a and b appearing in F3 and F4 are taken to be 
prime to each other with a\v k (f)\ = b\u k (g)\. 

The modified operation C A is defined in the similar way: We first define 
subsets Fj,>, Fj,<, F Xj> and F Xi< of F by replacing v k (f) with 1 'j(f) in 
the above definitions of corresponding subsets for C k . Then, the set Cj(F) 
consists of the following elements: 

FI. (/, v) for (/, v) G F with Vj(f) = 0. 

F2. (^A“/ b , 0 ) where (f,v) G F 0 ,<UF Xi< or / = l/g for some (g,v) G F Xj> , 
and the natural numbers a and b are taken to be prime to each other 
with |z/A(/)| = a/b. 
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F3. ( f a g b , v a w b ) where we take a combination of pairs (/, v) and (g , w) in 
sets with indices > and < respectively, that is, (/, v) G Fb,> U F x> 
and (g , w) G iyj.< UF X ,<, and see below for a, 6 £ N. 

F4. ( f a g ~ b , v a w~ b ) where a pair satisfies 

(a) (f,v) G F 0i > U F Xi > and G F x ,>. 

(b) (/, u) G F 0) < U F Xi< and (^,w) G F x ,<. 

Here the natural numbers a and b appearing in F3 and F4 are taken to be 
prime to each other with a\uj(f)\ = b\v^(g)\. 

Remark 2.30. The above FI, F3 and F4 are the same as those in Ck, where 
we just replace Vk{f) and Vk{g) with Vj(f) and Vj(g) in their definitions, 
respectively. While F2 in Cj is different from the corresponding one in Ck- 

Then we can easily confirm the following lemma: 

Lemma 2.31. 1. Assume F = Q (F). Then we have Ck(F) = Ck{F). 

2. Assume F = Q (F) and (A j, 0) G F. Then we have £]{F) = Cj(F). 

It follows from the lemma and facts 

G = Q(G), QoC]oQ = C]oQ, Q o £ k . o Q = £ k . o Q 

and 

QoCjoQ = CjoQ, Qo£ k .oQ = t k . o Q 

that we get 

F° = (^ o • • • o C x l+1 ){G) = {C} o • • • o C x l+1 )(G) 

and 

F q = C C kq o • • • o C kl )(F°) = (.C kq o • • • o C kl )(F°). 

As a conclusion, we may consider F q to be generated by the modified oper¬ 
ations jC x, s (L < j < m) and C k f s (1 < i < q). 
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Proof. Now we are ready to show the implication from 3. to 1. We may 
assume = 0. We can find a sequence in Z 


Xi = {xf\xf ) ,... E Z (i = 1,2,...) 


which satisfies, when i —» oo, 


1. Xj —>• 0. 

2. xf ] /\xf ] \ -»■ e (fe) /IC (fc) l for A: i J z (£). 

3. For any (/, v) E F q , 

/(K- 1} l» ■ ■ ■»K- m) l) °°)- 


By considering a subsequence, we may assume, for each k E {1,2,..., m}, 
either x) ' 7 ^ 0 for all i or x\ = 0 for all i. Note that latter case occurs 
only for k € Jz(0- 

Set Tfcj = |x) '| for 1 < k < m. Now we define f k i as follows: For 
k E {1,2,..., m} with t*,.* 7 ^ 0 (z = 1,2,...), we set f k ,i = r^. For k € 
{ 1 , 2 , ...,m} with being identically zero (z = 1 , 2 ,...), we take, as a 
{rmI^d a sequence of positive real numbers satisfying f k> i —> 0 (z —> 00 ) 
and 

(2.48) , f m ,i) ->■ v, if ^ 00 ) 

for any (/, u) E FT Note that it is possible because such a k belongs to 
Jz(0 and we have 1 '&(/) > 0 for k E Jz{0- Furthermore, if zz fc (/) > 0 for 
some k E J z (£), then the corresponding v must be zero by Lemma 12.231 
Therefore it suffices to take f^ rapidly decreasing to 0 (z —>• 00 ). 

Recall that Jz(£) PI {1, 2,..., L} = {ki ,... , k q } (1 < k\ < ■ ■ ■ < k q < L ). 
Then, as F q is generated by applying the operation C kq to F 9_1 , by the 
conditions (12.4811 and Lemma [2.291 we find a sequence {e kq ,i} of positive real 
numbers such that, when z —>• 00 , 

/ k q -th \ 

(2.49) e kq>i ->• 0, / Tpj, ..., (f kq 'i/e kq! i), ..., f m ,i ) ->• v, 
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for any (/, v) E F 9-1 . Hence, thanks to the conditions (12.491) . by applying 
the lemma again, we find a sequence {e kq _ lt i} of positive real numbers such 
that efe g _ li i —» 0 (i —» oo) and 

l-th /c^-th \ 

Tl,i? • • • ? {j'kq—iji /? • • • > k q ,i / ^k q ,i) ? • • • ? J ^ ^ ^ c ^- ) ) 

for any (/, u) € F 9-2 . By repeated applications of the lemma in this way, 
we finally find the (/-sequences {efc i j}“ 1 (A; E Jz(£)n{l, 2,... , F}) of positive 
real numbers which satishes, when i —>• oo, 

e k,i 0 (A € Jz(0 hi {1,2,... , F}), 

■ ■ ■, T m ,i) ->• u (/, u) € F°, 

where f fcji denotes f kji /e kti if k E Jz(£) D {1,2,... ,F} and f k)l = f feii for 
other k. Set 

F = (ri,j, • ■ ■, T m ,i) and t[ = (fgj, ..., f L ,i). 

Now applying the same argument to the variables X" = (Az,+i, • • •, A^) re¬ 
peatedly, we can hnd sequences 

K = (^L+l,i) ■ • • ! ^i,i) (* = 1,2 ,...) 

of positive real numbers such that, when i —>• oo, 

Af =t 0 , /(t*, Af) —>■ v 

for any (/, u) E G. Finally we define the sequence in X by 

Xi := (xf 5 , [x^/Tx,i) , ■ ■ ■, (®i L) /fL,i), 

(^ L+1) /(/? L +i(i*)), • • •, *i,i, ■ • • , fyi) € A, 

where 

hi KV'"-' (l<i<i). 

hi ■■= aIF U < i < <)■ 
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Let p = (0; , £F)j be the normalized point of p. That is, 


: = 


0 

£( k ) 


|^)| 

n k (OC (k) 


l£ (fc) l 


(ke Jz(0n{i,...,L}), 
(1 < k < L, ^ / 0), 

(k > L). 


Note that p and p belong to the same orbit of (R + ^-actions on S x . Then we 
find jAxi) = Xi £ Z and Xi —>• p (i —> oo), which implies p € C X (Z). Since 
C X (Z) is an (M + ) £ -conic subset, we have finally obtained p £ C X (Z). This 
completes the proof. □ 


By the same argument as that in the first part of the proof of the theorem, 
we see that a multicone enjoys the following good property. 

Corollary 2.32. Let H be a finite subset in H T x R>o for which [H] and Q 
are equivalent. Then every V € C(£, H ) is stable under contraction induced 
by the action /ij (j = 1,... ,£). That is, Pj(x, A j) € V holds for any x £ V 
and any 0 < Xj < 1 . 

Proof. Let (/, v) £ H and 1 < jo < i. For simplicity, we set f(z) := f(\z^\). 
To show the corollary, it suffices to prove the following claim: 

1. If v 0, then f(p jo (z, \ jo )) = f(z). 

2. If v = 0, there exist a non-negative rational number k such that 
f{pjo( z Aj 0 )) = A j 0 f{z). 

Since [H] is equivalent to Q also, by the definition, there exist N £ Z, a k £ Z 
and fij £ Z>o satisfying 

f(rf= n (Wvwr n A- 

1 <k<m 1 <j<t 

Put r = | (pj 0 (z, Aj 0 ))^*^| and A = (1,..., 1, A j 0 , 1,..., 1) into the above 
equation, we have 

/(«.(*, A*))" = A£"/(*)". 

By noticing that v / 0 implies ffi = 0 for any j, we have obtained the 
claim. □ 
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Now assume that p = (:d 0 ); £) G S x is outside fixed points and that the 
action p x is non-degenerate. Then, by Corollary [231 we can take coordinates 
blocks of a local model so that the conditions 1 . and 2 . of the corollary hold. 
Furthermore, under this coordinates blocks, since L = l and q = 0 hold, we 
have F q = G. Hence we have obtained the following corollary: Let us recall 
the definition of nfc(£) given in Remark 12.91 (note that rifc(£) is just |£^| 
when £ is normalized). 


Corollary 2.33. Under the situation described above, the following family 
of subsets gives a cofinal family of C(£): 


x ( k ) g w k {k = 1 , ■ ■ ■, m), 

( X (P) x (!) x My e (k<£), 

uWi 

" t( 0 ~ c< yt(w 1 (kwn) < " t(0+£ (i:> 


, 


where e > 0 , and Wk runs through open conic cones in M nfc \ { 0 } containing 
the direction £( fc ) if ^ 0 and it is if = 0 . 


2.4 A restriction condition 

Let A = (ctij) i<i<£ be an t x m matrix with entries of non-negative ratio- 

l<j<m 

nals. Set L = rank A (1 < L < min{£, m}). Assume that the first L x L 
sub-matrix A! of A is invertible. Hereafter a* denotes the z-th row of A for 
1 < i < £. 

Lemma 2.34. For 1 < i < £, set e ai = (e“ i ’ 1 ,..., e ai - m ). 

(i) Let 1 < i < L. We have log ipj 1 {e ai )\\n =i > 0 for j = 1,..., L. 

(ii) Let 1 < i < £. We have log ifk{e ai ) = 0 for k = L + 1,..., m. 

Proof. Let /3j = (fij.i, ■ ■ ■ where ,... is the j-th column of 

A'~ l and fdjg- = 0, k = L + 1,..., m. 

(i) Let j = 1 ,L. Then log pf l (e ai )\\" = i is nothing but the 

scalar product Oj • (3j = Sij, where 5ij is the Kronecker’s delta. 
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(ii) First suppose that 1 < i < L. Let V’fc('7' , )> k = L + 1,... , m. Then 
log ipk(e ai ) is nothing but the scalar product ai ■ [ek — YJLi a jk/3j^J = 
Oiik ~ otik = 0. Moreover log(l/'0/ c (e" < )) = 0 as well. 

Now suppose that L+l < i < £. Then a, = Y2j=i c j a ji so logV'A;(e Qi ) = 
Yj=i Cjlog tpk{e aj ) = 0. Moreover log(l/y>fc(e ai )) = 0 as well. 

□ 


Corollary 2.35. Let (f,v) € Q and 1 < j < L. T/ien 


(2.50) 

/n particular 


log / (e aj ) = 0 if f = U'k=L+i fa, 
logf(e° j ) > 0 otherwise. 


/ 251 x v = 0 =► \ogf(e a i) > 0 , 

v / 0 => log/(e"?) = 0. 

Proof. This follows immediately from Lemma 12.341 and the fact that [G] = 
and [G]> * (1,0) generate Q. 

□ 


Let us consider a £ x m matrix A and a (£ + 1) x m matrix B obtained by 
adding to A a {£+ l)-th row (/?i,..., /3 m ) (fy € Q>o)- We will use (-)a (resp. 
(•)b) to indicate elements (sets, family of sets) related to the normal defor¬ 
mation associated to A (resp. B ). There are two possibilities: ranks = L 
or rank!? = L + 1. 


Let us consider the case rank B = L. Set 

(2.52) bj := log(pj}(e p )\ X "=i (j = l,...,L). 
Lemma 2.36. Let us assume that 

(2.53) v = 0 =>■ log/(e^) > 0 

for (f,v) € Qa- Then Qa o-nd Qb have the same radical. 
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Proof. For j = 1,..., L, we have 


Tj = A", A m ) = ip jA (\', A") • \% v 

After a simple computation we obtain 

Aj = A'OATJi = A", A m ). 

Hence, for fc > L + 1, we have 

i>kB(r) = i> k A{r). 

Set J = {1,... , L}, K = {L + 1,..., m} and J = {L + 1, If v / 0, 

then / = JJ f° r some <5fc € Z, and hence, (/, u) € if and only if 
k&K 

if,v) £ £b- 


Assume now v = 0. Let / = (' l l’kA) ak ■ Then 

jeJ keK 

log /( e ^)U"=i = E a j l°gy , :; i( e/5 )U"=i + ^ log ipkAie 13 ) 

jeJ k&K 

= ^2 a j log pJa ( e ^)U "=i + “fclogV’fcsle^) 

jeJ fce-A 

= a jbj 
i&J 

where the last equality follows since log ipkB(^) = 0 by Lemma 12.341 Here 
we used the fact that rank A = rank Lb 

Now assume that (/,0) £ C/,4. Set 6/ = log f(e^)\\»=i. Then 

! = IIM 0J ■ n ■ n ^ 

jej fceA" j e j 

=- x tr n «* B r- n *?■ 

jGJ fcGJf jgj 

and (/, 0) £ f/s if bf > 0. Conversely, assume that (/, 0) £ Q B . Then 




ieJ 


fceA' 

Si 


jeJ keK j £ j 
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fj J. 

where the term X/ +1 appears since the degree in A^+i must be 0. Then 
(/, 0) E Qa and the result follows. □ 

L 

Corollary 2.37. Suppose that (3 = CjOLj with Cj > 0, j = 1,..., L. Then 

3 = 1 

Qa and Qb have the same radical. 

Proof. By Lemma 12.341 we obtain bf := log f(e^) > 0 for each (f,v) € Qa 
and the result follows by Lemma 12.361 □ 

Thanks to Proposition 12.241 it is enough to check the conditions on the 
elements of F A , q := ff (Jz(Q fl {1, 2 ,..., L}) > 0, and we have 

Proposition 2.38. Let us assume that rankR = rank hi and 

(2.54) v = 0 =>■ log /(e /3 ) > 0 

for (f,v) € F\. Then Qa and Qb have the same radical. 

From Proposition 12.381 we can deduce a condition for the restriction of 
multi-normal deformations. We omit the coordinate x to lighten nota¬ 
tions. In what follows, given £ = (£W,... , £ (m )) € M n we will call pa € Sa, 
the point pa = (£^,. • • > £^1 0...,0) € M n+£ , and ps E Sb, the point 
p B = (£(!),...,£M; 0 ..., 0) eK n+f+1 . 

Proposition 2.39. LetpA = ■.., £( m ); 0,... ,0) € Sa and assume that 

rank A = rank B and 

(2.55) v = 0 =>■ log/(e^) > 0 

for (f,v) E F q A . Then ps G C XB (Z) if and only if, for each V E C(£, Qa) 
and each open neighborhood U of the origin, we have Z C\V r\U 0 (he., if 
and only if pa € C XA (Z)). 

Thanks to Corollary 12.371 we obtain a simpler sufficient condition. Recall 
L := rank A. 

Corollary 2.40. LetpA = (£^\...,£^; 0, ...,0) E Sa and assume that 

L 

Cjaj with Cj > 0, j = 1,..., L. Then ps E C XB (Z) if and only if 
PA € C XA (Z). 
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Example 2.41. In M 2 3 * 5 let us consider the families xa = {Mi,M2,M3}, 
Xb = {Mi,M 2 ,M3,M 4 } with Mi = {m = 0}, M 2 = {x 2 = x 3 = 0}, 
M 3 = {x 3 = 0}, M 4 = {0}. If we consider the matrices 


A = 


/ 1 0 0 \ 
0 1 1 
\0 0 1 ) 


B = 


( 1 0 0 \ 
0 1 1 
0 0 1 
1 1 1 


the hypothesis of Corollary \2.f(\ is satisfied. 


In the following example, since v of all the pairs (/, v ) € F q are zero, we 
simply write a pair by / instead of (f,v). 


Example 2.42. In M 3 let us consider the families xa = {Mi, M 2 , A/3}, 
Xb = {Mi,M 2 ,M 3 ,M 4 } with Mi = {x\ = x 3 = 0}, M 2 = {x 2 = x 3 = 0}, 
M3 = {x 3 = 0}, M 4 = {0}. Set (3 = (1,1,1). Consider the matrices 


A = 


/ 1 0 1 \ 
Oil 

V 0 0 1 ] 


( 1 0 1 \ 
0 1 1 
0 0 1 

V 1 1 


1. Letf 1,62, £3 7^0. Then F% = 


r 3 

nr2 


We have log e 


, 01 — 02 ~ 03 — 


1 — 1 — 1 < 0 and (12.541) is not satisfied. Indeed one can check that 

r 3 


zt'U 1 ^"3 r 3 

Fb = 1 n,T 2 , —, — 
n r 2 


and 


nr 2 


^ Qb ■ 


2. Letf 3 = 0, ^i,^ 2 ^0. Then F\ = < ri, t 2 ,—— 1. We have log e^ 1 

l tit 2 J 

1 — 1 — 1 <0 and (12.541) is not satisfied. Indeed one can check that 


Ff { n,r 2 , —, — [> and 


n T 2 


r 3 

TlT 2 




5. Let £ 2 = 0, £1,^3 7- 0. Then F\ = | ri,r 2 , — j> and condition (|2.54|) 
is satisfied. 
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4- Let fi = 0, ^ 2-6 0. Then F\ 


T3 

n,T 2 , — 

T2 


and condition ([2.54J) 


is satisfied. 


Let us consider the case rankL? = L + 1. If L < £, we exchange the 
(L + l)-th line with the (£ + l)-th line. 

Let (r, A"), j = 1,..., L and ipkA( T ), k = L + 1,..., m be the mono¬ 
mials defining Qa- We are going to compute A"), j = 1,..., L + 1 

and V’fcsO"), k = L + 2,..., m using ipj\ (r, A") and 'fikAij). Set 


lo g^i( e/3 )lA»=i j = !,•••,£, 

logV’jA^) j = L + 1,... ,m. 


Assume for simplicity that all the columns of B are non zero. We may also 
assume that 3 k € {L+l,..., m } such that bf. 0. Otherwise log fikA ^ a:i ) = 
0 for j = 1,..., L + 1 by Lemma 12.341 This implies that the rank of B is 
the same as the rank of A. So, up to take a permutation of {1 ,..., m}, we 
may assume that b^+i 0. If 0, then the first (L + 1) x (L + 1) 

sub-matrix B' of B is invertible. Otherwise rank IT = rank A' and, as in the 
proof of Lemma 12.361 log ip(L+i)B '( e/3 ) = log fi>(L+i)A’ (e^). We have 


log ^( L +i)B'(e P ) = = iog^i+i )A(e 0 ) = b L+ i 


and log ip(L+i)B’ (e^) = 0 by Lemma f2.341 

Let t denote m- variables (ti, ..., r m ). Consider the (L + l)-equations 


ti = (^is(A),... ,tl +i = ipl + ib(X )• 


It can be also written as 

n = <m(A)Af +1 , .. • ,tl+i = <pl+ia(X)Xl+i ■ 

Then, by the assumption, the system of the equations can be solved for the 
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variables A = (Ai,..., Al+i). After a computation, we can find 



( Pl+ib( t ) 

kB(r) 


TjliT x " 


(4' L +ia(t))‘ 


'L +1 


(V’-L+nttr)) 6 ^ 1 

kA(j ) 


j = 1,...,L, 


k = L + 2, 


(4> L+1A (T)) b L+i 


m, 


( PJa( t , a ") = ' (^+is( T )) b ' •?' = • • •. 

^l+ia(t) = (¥>7jl 1B (r)) 6i+1 , 

ipkA(r) = ip k B(r) ■ {vlXi B (T)) bk k = L + 2,... ,m. 


In what follows, we omit the variables r, A" to lighten notations. 

Lemma 2.43. Let us assume that 

v = 0 =>■ log f(e@) > 0, 

(2.56) v -f- 0 —i* log f(e&) = 0, 

if m > L + 2, bk = 0 V k € {L + 2,... , m} \ Jz(0 

for (f,v) € Qa- Then Q A and Qb have the same radical. 

Proof. First remark that &l+i / 0 and (12.561) imply {{ipL+iA) aL+1 , v) € Qa, 
ol+i 4= 0, only if v = 0. Since the variable A " does not play a role in this 
proof, we assume t = L. 

(i) Let (f A ,v) € Qa- Then 

fA = • (a+iaT^ • n 

jgj fee A' 

= II(^)“ , 'te+ 1 lB) C 'II(*®) a ‘, 

j£j keK 
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J C {1,... ,£}, K C {£ + 2,..., m} and 

c = ^ ~2 a jbj + a f+ i^ + i + ^2 a k b k = log /a^). 
j&J keK 

• Suppose that v = 0. It follows from (|2.56l) that c > 0. 

- Suppose that c > 0. Then (/a,0) € Gb since ((vj^ 1b ) c ,0) € [Gb\ 
and E Gb only if v = 0. 

— Suppose that c = 0. Then there are two possibilities: 

* dj 0, 3j E J or a k / 0, 3 k E K n Jz(0- I n this 
case (/a, 0) E since ((</G B )%0), ((^fe B )“ fc ,0) E [G B ] and 

{'GkBiv) E G b only if v = 0. 

* a.j = 0, V j E J and a k = 0, Vfc E Ifn Jz(0- We may assume 
A" fl Jz (£) = 0 and by (12.561) we have 

■f A =n —=n ^) afc = n 

fceJC (^ + i^) ^+i fceA' fceA' 

This is because by ()2.56|) we have b k = 0, fc E K. We have 
(/a,u) E [G a ]> * [(1,0)]. Hence (/ a , 0 ) E [G b ]> * [(1,0)]. 

• Suppose that » / 0, Then (/a, v) E [Ga]=- It follows from (12.561) 
that c = 0. Moreover a,j = 0, j E J and a k = 0, A; € K D Jz(G) since 
0“^, u), (i> k A,v) E Ga only if v = 0. Then 

ia= n ^ kA \ h b h = n (^fcA) afc = n w^b) 0 *- 

k&K\J z (i) (^+ia) 6£+1 fce*Vz(fl k£K\Jz(£) 

This is because by (|2.56j) we have && = 0 if /c ^ Jz(Q- Then (/a,v) E 
[Ga]= implies (/a,v) € [G B ]=. 

(ii) Let (/ B ,u) E Gb- Then 

!b = ■ n 

jeJ fceAT 

= n^7ir j ■ (*+w) c -II (w*' 

jeJ fceA - 
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J C {1,... ,£}, K C {£ + 2,..., m} and 

a C-i ~ SjeJ a jbj ~ 12keK a kbk 

C “ fc+i ' 

• Suppose that v = 0. Then ((/b)^ + 1 , te) £ for some w > 0. 

In fact, it clearly holds if £^ +1 ) ^ 0. Otherwise, as (f B ,v) £ 
implies i^+i(/b) > 0 when = 0, we conclude c > 0 since we see 

c = V£ + \(f B ) by comparing the degree of the variable ti + \. 

— Suppose aj / 0, 3j £ J or a^. / 0, 3 fc £ if O Jz(£) ■ In this 
case 0) £ Q A since ((vj}) aj ,0), ((ip kA ) ak ,0) € [G A \ 

and (ip k A,v ) £ G A only if v = 0. 

— Suppose that aj = 0, V j £ J and a k = 0, V A: £ K 0 Jz(0- We 
may assume Ji 0 Jz(0 = 0- Let us argue by contradiction and 
suppose that w ^ 0. Then ((/s)^" 1 "^, w) £ [Ga\ = . Corollary 12.351 
implies that a ^ + 1 = log f B (e^) = 0 and by (|2.56l) we have 

fceA' keK (ipt + i A ) bl + 1 fceA' 

This implies that ((/b)^+0 , w) £ [G_b]=, a contradiction. Hence 
we have re = 0 and ((/b)^ +1 ^, 0) £ £/a follows. 

• Suppose that v / 0. Then (f B ,v) £ [Gb]=. In this case aj = 0, 
j £ JU-jT+l} and a k = 0, k € iiTlJz(^) since (pJ B ,v), (ipkB,v) € Gs 
only if v = 0. Then 

i b — n n = n 

keK\J z (£) keK\J z (£) (lp e+1A ) ^+1 k£K\J z (Z) 

This is because by (12.561) we have b k = 0 if k ^ Jz(Q- Then (f B ,v) £ 
[Gb]= implies (/b,u) € [G A ]=. 

□ 

Thanks to Proposition 12.241 it is enough to check the conditions on the 
elements of F\, q : = # ( Jz (£) fl {1, 2,..., L}) > 0, and we have 
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Proposition 2.44. Let us assume that 

v = 0 =4- log f(e^) > 0, 

(2.57) log f(eP) = 0, 

if m > L + 2, bk = 0 V k E {L + 2,..., to} \ Jz(£) 

/or (/,r) € F q A . Then Qa and Qb have the same radical. 

From Proposition 12.441 we can deduce a condition for the restriction of 
multi-normal deformations. We omit the coordinate x to lighten nota¬ 
tions. In what follows, given £ = ... ,/( m i) E M n we will call pa € Sa, 

the point pa = • • •, 0...,0) E M n+f , and pb € 5b, the point 

p B = (C (1) ,...,^ (m) ; 0 ..., 0) eM n+f+1 . 

Proposition 2.45. Let pa = (£^,..., ; 0,..., 0) € Sa- Assume that 

rank A + 1 = rank B and 

v = 0 =4- log f(e@) > 0, 

(2.58) log f(eP) = 0, 

if to > L + 2, bk = 0 V k E {L + 2,..., to} \ Jz{f) 

for (f,v) E F q A . Then ps E C XB (Z ) if and only if, for each V E C*(£, £/a) 
and each open neighborhood U of the origin, we have Z nV flU ^ 0 ( i.eif 
and only if pa € C XA (Z)). 


When xb is of normal type, i.e., m = l+l = L+ 1, Proposition 12.451 can 
be reformulated as follows. 

Corollary 2.46. Let m = t + 1. Let pa = (£^, • • •, 0,... , 0) E 5a- 

Assume that m = rank B = rank A + 1 and 

, . v = 0 log/(e^) > 0, 

(2.59 v 

{{^i + iA) ai+1 ,v) £ g A ^ V = 0 

for (f,v) E F q A , ai + \ / 0. Then ps € C XB (Z) if and only if, for each V E 
C(£, (?a) and each open neighborhood U of the origin, we have ZriVfMJ ^ 0 
(i.e., i/ and only if pa € C XA (Z)). 
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Corollary 12.461 is a generalization of Corollary 4.3 of [ 6 j. Consider the 
family xb = {Mi,..., Mg + 1 } satisfying condition H2 in [ 6 ], i.e. 

H2 either Ij C /&. 1^ C Ij or Ij n Ik = 0 holds for j 7 ^ fc. 

Consider a sub-family := {M^,... , Mj k } of \B- We denote by S XB the 
zero section x Tmj i Xb (Mj) for the family xb- We also introduce the 
set 

(2.60) S Xb / Xa ( * ^ M j a l xb (Mj a )') x M, 

where M = HjiiMj. We emphasize that, in the above definition, we use 
i XB (not i XA ). Then we have the natural embedding 

‘-’xb ^ S X b/xa ^ ‘-’xa- 

Corollary 2.47. Assume that xb satisfies the condition H2. Let k < i and 
{ji , • • -,jk} be a subset of { 1,2, ...,£+ 1 }. Set xa = .. , M jk } . Let 

Z be a subset of X. Then we have 


C\ B (z) n s xb / X a c XA (z)ns XB/XA . 

Proof. It is enough to prove the result for 'fxA = £ and then apply it repeat¬ 
edly. We can assume without loss of generality that xa = {Mi,... ,Mgj. 
We use the coordinates x = defined as follows: xM' 1 = 

(xi) ief . with 

£+1 

% = {i,...,£ + i}\U u, 

i—1 

Ij — Ij \ U hi j~ 

T .C T 

Since the coordinate x ® is irrelevant in the rest of the proof, we will as¬ 
sume Io = 0. Then A is a i x (£ + 1) matrix with entries 07 j, 1 < i < £, 
1 < j < I + 1, B is a (£ + 1) x (JL + 1) matrix obtained adding the line 
(^-t-1,1) ■ ■ ■, «£+i,£+i)- Up to take a permutation of the coordinates we may 
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assume that the first i columns of A are linearly independent. The entries 
of the matrices are given by a,j = 1 if Ij C a tJ = 0 otherwise. The 
restriction maps S XB / XA —> S XA , S XB / XA -A are given by = 0. 


Thanks to the condition H2 it is easy to compute the inverse matrix B 1 , 
whose columns define the monomials ipjg , j = 1 ,..., l + 1 which are given 
by 




Tj if Ij is maximal, 

Tj 

— otherwise, where Ik 


n 

Rib 


Remark that to define <pjg, j = 1 + 1 we are working with the family 

of indices Ij, j = 1,... ,1 + 1. Thanks to the condition H 2 it is also easy 
to compute the inverse matrix Al~ x of A', the matrix defined by the first l 
columns of A, whose columns define the monomials tJa_' j = 1, ■ ■ ■ ,£ which 
are given by 




Tj if Ij is maximal, 

Tj 

—— otherwise, where Ik 
T kj 


n 

Rib- 


Remark that to define tJai j = 1,... ,£ we are working with the family of 
indices Ij, j = 1 ,Then one can also compute the monomial 'ip£+\A-, 
which is given by 


Tpt+i a(t) 
A+ia{t) 


T £+1 if b + i is maximal, 

^ +1 otherwise, where Ik,,, 
T k e+1 + 


n 

RiR+i 


It is easy to check that ipg+i a(^) = 1 and € {0,1}. Hence the 

conditions ()2.59jl are satisfied and the result follows from Corollarv l2.46l □ 


Example 2.48. Let us consider some examples in M 3 of Corollary \2.fl\ 

1. (Majima) Let X = M 3 with coordinates (xi,£ 2 >® 3 ) and let xa = 
{Mi,M 2 }, xb = {Mi,M 2 ,M 3 } with M % = {x , = 0}, i = 1,2,3. Then 
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F a = f b = < 9 ({( t i, 0 ), (t 2 , 0 ), (r 3 , 161)})- If we consider 
the matrices 


A = 


1 0 o\ 

0 1 0 J 


B = 


/ 10 0 
0 1 0 
V 0 0 1 


condition (12.571) is satisfied. 


0 and 


2. (Takeuchi) Let X = M 3 with coordinates (xi,x 2 ,x 3 ) ■ There are several 
configurations. In the subsequent examples, all the couples (/, v) are 
with v = 0 , and we write it by f instead of (/, v) for short. 


(a) let xa = {Mi, M 2 }, xb = {M 1 ,M 2 ,M 3 } with M 1 = {0}, M 2 = 
{x 2 = x 3 = 0}, M 3 = {x 3 = 0}. Let = 0, £i ,£ 2 / 0. Then 

F\ = < n, —, — >. If we consider the matrices 

{ r\ t 2 J 


A = 



f 1 1 1 \ 

5 = 0 1 1 

V 0 0 1 


condition ()2.57|) is satisfied. 

(b) let xa = {Mi, M 2 }, XB = {Mi, M 2 , M 3 } with Mi = {x 2 = x 3 = 
0}, M 2 = {x 2 = 0}, M 3 = {0}. Let f 3 = 0, £i ,£ 2 7 ^ 0- TMn 

F\ = < n, —, r 3 >. If we consider the matrices 


A = 



\ / 1 

1 

0 \ 

to 

II 

0 

1 

0 

V 1 

1 

1 ) 


condition ()2.57|) is satisfied. 

(c) let xa = {Mi,M 2 }, xb = {Mi,M 2 ,M 3 } with Mi = {0}, M 2 = 
{x 2 = 0} ; M 3 = {x 2 = x 3 = 0}. Let & = 0, 6,6 / 0. Then 

F\ = < ti, —, — >. If we consider the matrices 

{ n n J 


A = 


1 1 
0 1 


\ 


1 

1 

\ 

B= 

0 

1 

0 


J 

^ 0 

1 

1 

/ 
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condition (12.5711 is satisfied. 


3. (Mixed) Let X = M 3 with coordinates (xi, x 2 , xfi). There are several 
configurations. 


(a) let xa = {Mi, M 2 }, xb = {Mi,M 2 ,M 3 } with Mi = {0}, M 2 = 
{x 2 = 0}, M 3 = {.x 3 = 0}. Let £3 = 0, 6,6 0. Then 

F\ = < ri, —, — >. If we consider the matrices 
{ n ri I 


A = 



\ 

f 1 

1 

1 

\ 


0 

1 

0 


/ 

^ 0 

0 

1 

/ 


condition (12.5711 is satisfied. 

(h) let xa = {M 1 ,M 2 }, xb = {M\, M 2 , Ms} with Mi = {m = 0}, 
M 2 = {x 2 = 0} ; Ms = {0}. Let £ 3 = 0, 0. Then 

F\ = {ti,T 2 ,t 3 }. If we consider the matrices 


A = 


1 0 o\ 

0 1 0 J 


B = 



condition (12.571) is satisfied. 


Example 2.49. In M 3 let us consider the family xa = {Mi, M 2 }, with 
Mi = {xi = x 2 = 0}, M 2 = {x 2 = xs = 0}. The matrix A is 



In the following, all the couples (/, v ) are with v = 0, so we omit v for short. 

• Iff 1 = 0 , 6,6 / 0 , F\ = { ti , t 2 , t 3 , —, — 

I r 2 t 3 J 
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7/6 = o, 6,6 / o, F\ = n, —,r3, -L. 

{ n Ti r 3 

7/6 = 0, 6,6/0, Fi = {n,^,^}. 

I Tl T 2 J 


if 6 / o, 6,6 = o, 64 = s 7-1,72,7-3, 


TlT 3 

7-2 


1+e study the restriction when we consider xb = {Mi, M 2 , M 3 } obtained by 
adding a manifold M 3 to xa> he. adding a line a = ( 01 , 02 , a 3 ) to A. 

• Let M 3 = {xi = 0}. We consider the matrix B obtained by adding the 
line a = (1, 0,0) to A. 

— 7/6 = 0 condition (12.571) is satisfied. 

— 7/6 = 0 , 6,6 / 0 , then loge“ 2_Ql = 0 — 1 < 0 and (12.571) is 

72 

not satisfied. Indeed one can check that — ^ Gb- 

n 

- If 6 = 0, 6,6 / 0, t/ien loge " 2- " 1 = 0 — 1 < 0 and (I2.57f) is 

7~2 

not satisfied. Indeed one can check that — ^ Gb- 

ti 

• Let M 3 = {x 2 = 0}. We consider the matrix B obtained by adding the 
line a = (0,1, 0) to A. 

- If 6 = 0, 6,6 / 0, then loge ai+ “ 3- " 2 = 0 + 0— 1<0 and 

(|2.57l) is not satisfied. Indeed one can check that - ^ Gb- 


72 


— If 6 = 0 condition (I2.57|) is satisfied. 


If 6 = 0, 6,6 / 0, t/ien loge“ 1+ “ 3 “ 2 = 0 + 0 — 1<0 and 


_____ TIT 3 

(12.571) is not satisfied. Indeed one can check that - / </b. 

7-2 

Let M 3 = {a: 3 = 0}. VFe consider the matrix B obtained by adding the 
line a = (0,0,1) to A. 

- Ifh.i = 0, 6,6 / 0, then log e “ 2_Q3 = 0 - 1 < 0 and (12371) is 

T 2 

not satisfied. Indeed one can check that — f: Gb- 

7-3 

- If 6 = 0, 6,6 / 0, t/ien loge" 2- " 3 = 0 — 1 < 0 and (12.571) is 

7"2 

not satisfied. Indeed one can check that — ^ <7#. 

7-3 
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— // £3 = 0 condition (I2.57|) is satisfied. 


• Let M3 = {xi = X3 = 0}. We consider the matrix B obtained by 
adding the line a = (1,0,1) to A. 

— If £ 1 = 0, £ 2 , £3 / 0, then loge" 2- " 3 = 0 — 1 < 0 and (12.571) is 

T2 

720Z satisfied. Indeed one can check that — ^Gb- 
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- If £2 = 0, £1,^3 / 0, Z/ierz loge a2-ai- “ 3 = 0— 1 — 1<0 and 

q~2 

(12.571) is noZ satisfied. Indeed one can check that - ^ C/#. 

TiT3 

- // £3 = 0, £ 1 , £2 / 0, Z/zen loge “ 2_Q1 = 0 — 1 < 0 and (12.571) is 
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noZ satisfied. Indeed one can check that — ^ Gb- 

t i 

— // £1 =£3 = 0 condition (12.571) is satisfied. 

• Lei AI 3 = {x\ = X2 = X3 = 0}. JEe consider the matrix B obtained by 
adding the line a = (1,1,1) to A. 

— //£ i=0 condition (12.571) is satisfied. 

— If £ 2 = 0, £i ,£3 / 0, Z/ien loge " 2- " 1- " 3 = 1 — 1 — 1<0 and 

q~2 

(12.571) is noZ satisfied. Indeed one can check that - ^ C/g. 

TIT'S 

— If £3 = 0 condition (12.571) is satisfied. 

Example 2.50. In M 4 , Zei us consider the family xa = {Mi, M2}, with 
Mi = {.ti = X 2 = X4 = 0}, M2 = {.T 2 = X3 = 0}. 77ie matrix A is 

110 1 
0 110 

If £3 = 0, £ 1 , £ 2 , £4 / 0, we /mwe 



lEe study the restriction when we consider xb = {Mi, M2, M3} obtained by 
adding a manifold AI 3 to xa, i-e. adding a line a = (a\, 02 , 03, 04) to A. 

• LeZ M3 = {.T2 = 0}. 11+ consider the matrix B obtained by adding 
the line a = (0,1,0, 0) to A. Then log e “ 1+Q3_ “ 2 = 0 + 0 — 1<0 and 

[ T\T% \ 

(|2.57l) is not satisfied. Indeed one can check that -,0 £Gb- 

V T '2 J 
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• Let M3 = {X 2 = X 4 = 0}. We consider the matrix B obtained by 
adding the line a = (0,1,0,1) to A. Then loge° 1- " 4 = 0 — 1 < 0 and 

(12.571 ) is not satisfied. Indeed one can check that ( —, —7 ) ^ Qb- 

v r 4 \U\ J 

• Let M3 = {x\ = X 2 = X3 = 0}. We consider the matrix B obtained by 
adding the line a = (1,1,1,0) to A. Then loge ai_ " 4 = 1 — 0 > 0 and 

(|2.57p is not satisfied. Indeed one can check that ( —,0 ) € Qb- 

V r 4 J 

• Let M 3 = {.xi = X 2 = X 3 = X4 = 0}. We consider the matrix B ob¬ 
tained by adding the line a = (1,1,1,1) to A. Then (12.571) is satisfied. 

3 Multi-asymptotic expansions 

In this section we extend the notion of asymptotic expansion associated 
to y developed in [6j. We refer to m for the classical theory of strongly 
asymptotically developable functions. 

3.1 Geometry of multi-asymptotic expansions 

Let X = C n with coordinates (2) = (z±,... , z n ), and let y = {Zj}j =1 be a 
family of closed complex submanifolds in X. We divide complex coordinates 
( z ) into (m + l)-coordinates blocks 

(3.1) (z( 0) ,z (1) , ...,z w ), 

for which each Zj is assumed to be linearized, that is, there exists the subset 
Kj in (1,2,... ,m} such that each Zj is defined by the equations z^ = 0 
with k £ Kj, i.e., 

(3.2) Zj = = 0 (k e Kj)} (j = 1,2, ... ,1). 

Let us consider a matrix A x = of size t x m whose entries are 

non-negative rational numbers. Set L := RankA x . We always assume the 
condition (12.ip . that is, 

(3.3) the first L x L submatrix in A x is invertible. 
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As in Subsection l2.2l we define the associated m-monomials of A = (Ai,..., Ar) 
by 

<Pk{ A) = A“ lfe A2 2fc • • • \ a / k (k = l,...,m). 

We also define the action fij : X x M -1 " —>• X (J = 1, ...,£) by 

(3.4) fifiz, t ) = (z (0 \ t a ^z (m )) 

and the action /jl : X x (R + / —>• X by 

(3.5) p(z, A) = (z (0) , (p 1 (X)z^ 1 \ip 2 (^)z^\ ..., 99 m (A)z (m) ). 

For these actions, we assume Condition A2. introduced in Subsection m 
that is, 

(3.6) each Zj coincides with the set of fixed points of the action fij on X. 
Note that this condition is equivalently saying that A x satisfies the condition 

(3.7) djk 0 if and only if k € Kj (j = 1,2,... ,£). 

According to the system of coordinates (z®, ..., z( m ' ) ), the space X can be 
identified with 

f»o v (T n i v ... v (T nm 
' s -' 2 (0) A "^,(1) A A 

where rik denotes the number of coordinate variables in the coordinates block 

Remark 3.1. Through the section, for a complex vector a = (ai, ..., a*,) € 
C k , its norm is defined by 

(3.8) \a\ := max{|ai|, |a 2 |, ..., |a fc |}. 

Let p be a point (z(°); £) = (0; , C^) € S x and set 

(3.9) J z (C) = {ke{l,...,m}-C ik) = 0} 

as usual. Note that we consider the problem near the origin, i.e., z ^ = 0. 
Further, for the point p € S x , we assume the condition (12.31) . that is, 

(3.10) if the k-th column of A x is a zero vector, then = 0. 
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We denote by V(£) the set of M + -cones in the form 

(3.11) C n ° x Vl x x V m C X, 
where each 14 satishes the following conditions: 

• If 0, then 14 is an open convex proper cone in C nk containing 

the point ^ k \ 

• If (4) = 0, then 14 = C n K 

In what follows, we constantly use notions introduced in Section [2j Re¬ 
member that the semigroup Q was defined in Subsection 12.21 and that F q 
(resp. G) is the finite subset of H T x M>o (resp. 'H T ,x x M>o) defined in the 
same subsection, where we adopt the definition of G given in Remark 12.91 
That is, 

F° := (£?o-o4)(G), 

F q := (. C kq o...ojr kl )(F °), 

where {k±, ..., k q } = Jz{C) fl { 1 , 2,... ,L} (1 < k\ < ■ ■ ■ < k q < L ). Note 
that, by Proposition 12.241 the radical of [F q ] is Q. 

Remark 3.2. The most important and interesting cases are those where the 
corresponding action p x is non-degenerate and p is outside the fixed points. 
In this case, by adopting the coordinates blocks described in Corollary \2. .51 
we have q = 0 and L = Rank A x = t, and hence, 

(3.12) F q = F° = G. 

Set 

(3.13) |*M| = (|z (1) |, ..., |z (L) |, ..., |z (m) |) 
and 

(3.14) |zW|' = (|zW|, ...,|z (i) |). 

Let H be a finite subset in H T x M>o satisfying that [H] and Q defined 
in (I2.29|) are equivalent, and let {e} be the set of positive real numbers 
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consisting of eo > 0, e/ !+ > 0 and €f- >0 for each (/, v) G H. Then, for 
V G V(£), we define the open subset 

z€V, |z (0) | <e 0 , 

(3.15) S H (V, {e}) := < zGl; v- e/_ < / (V*)|) < v + e f)+ > , 

for any (/, v) G H. 

which is often called a multicone or multisector. Since [H] and Q are equiv¬ 
alent and (r]f, 0) G Q (k = 1,2,..., m) holds for some IV G N, any open 
neighborhood of the origin contains the set Sh(V, {e}) if the positive real 
numbers in {e} are sufficiently small. 

Furthermore, for finite subsets H and H' in 'H T x M>o such that both the 
[H] and [H'] are equivalent, the families {Sh{V, {e})}{ e } and {Sh'(V, {e , })}{ 6 /}. 
are equivalent with respect to inclusion of sets. That is, for any Sh{V, {e}) 
(resp. Sh'(V, {e / })), there exists {e'} (resp. {e}) such that 

(resp. S H iV,{e'})cS„(V, {e})) 

holds. 

Lemma 3.3. Let Q' be a semigroup in ?i T x M>o which is equivalent to Q. 
Then , the family {Sh(V, {c})} h | e j. and the one { Sh'(V, {e / })}#' { e >} are 
exactly same where the former H runs through the finite subset of Q with 
[H] and Q being equivalent and the latter H' runs through the finite subset 
of Q' with [H'\ and Q' being equivalent. That is, for any Sh{V, {e}) (resp. 
Sh'(V, {e / }), there exists a finite subset H' C Q' (resp. H C Q) and {e'} 
(resp. {e}) such that Sh(V, {e}) = Sfjf V, {e'}) holds. 

Proof. Let H be a finite subset in Q satisfying that [H] and Q are equivalent. 
As Q' is equivalent to Q, there exists a natural number N such that (FI) at C 
Q' holds, where (H)n is the finite subset {(/, v) N ", (/, v) G H}. Note that 
[(iF)jv] is equivalent to Q'. 

On the other hand, it follows from the definition that, for any N G N and 
{e}, there exists a suitable {e'} for which we have 

S H (V, {e}) = VhvCMe'}). 

Hence the claim of the lemma follows from this. □ 
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Remark 3.4. When Q(H) = H holds, for any (/, v) G H with v ^ 0, we 
have (1//, 1/v) G H. Hence, by suitably choosing {e} again, the multicone 
defined by (13.151) coincides with the subset 


(3.16) 


^ G X; 


zeV, |fa 0) | < 


eo, 


/ ( k W l) < v + e /i+ for any (/, v) € H. 


Remark 3.5. When H = F q C Q and all the positive real numbers in {e} 
are the same e > 0 , we write 5(1/, e) instead of Sh{V, {e}). 

Example 3.6. Let X = C n with coordinates blocks fa 0 ), fa 1 ), fa 2 ), fa 3 )). 
The submanifolds Zj (j = 1,2,3) are defined by 

Z, = (fa 2 ) = fa 3 ) = 0}, 

Z 2 = (fa 1 ) = fa 3 ) = 0}, 

Z 3 = {fa 3) = 0}. 

Let us consider the 3x3 matrix A x associated with the family x = {Zi, Z 2 , Z 3 }. 
Then clearly we have RankA x = 3 and x is of normal type. In this case, 
the polynomials <Pj(\) is given by 

</?i(A) = A 2 , vfafa = Ai, <ps(\) = A 3 A 2 A 3 , 

and hence, we have 


Vi 1( h) = ti, ^ 2 1 (t) = t 2 , (p 3 1 (r) = 


-1 


- 1 / 


T3 


Letp = (0; C) = (0; (A 1 ), fa 2 ), fa 3 )) g S x be a point outside fixed points. Since 
G is given by 

(to -1 . °)> far 1 . °). far 1 , °)} 

and F q = G holds in this case, the cone S(V, e) is defined by 

z {k) G V k (.k = 1, 2, 3), | fa*> \<e(j = 0, 1, 2, 3) } 


(fafafafafafafa^G*; 


A3) I 


< ez 


(1)11 _(2)I 


where Vj (j = 1,2,3) is a proper open cone in C nj containing the vector 

(fa). 
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Example 3.7. Let X = C” with coordinates blocks z^\ z^\ z^>). 

The submanifolds Zj (j = 1,2,3, 4) are defined by 

Z x = {z (1) = z (4) = 0}, 

Z 2 = {z {2) = z (4) = 0}, 

Z 3 = {z( 3 ) = z (4) = 0}, 

Z 4 = {z™ = z<$ = z® = z < 4 > = 0}. 

Let us consider the 4x4 matrix A x associated with the family x = {Z \, Z 2 , Z%, Zfi\. 
Then Rank A x = 4 holds and x is of normal type. In this case, the polyno¬ 
mials ipj(X) is given by 

V?i(A) = A1A4, <p> 2 (A) = A 2 A 4 , <p>s(X) = A 3 A 4 , 994(A) = AiA 2 A 3 A 4 , 


and hence 

V r 2^3 



tit 2 t 3 


T 4 


Let p = (0; C) = (0; C^ 2 \ C^ 3 \ C^) £ S x be a point outside fixed points. 

By the same reasoning as that in the previous example, the cone S(V,e) is 
defined by 



€ V k 

(k = 

1,2, 

3,4). 


llz (1) l 

< e 2 


Ik (2) 

lz< 2 > 


< e 2 


lk (3) 


lk (1) l 

< e 2 


lk (3) 


l|z (2) l 

k (3) l 

< e" 

2 |*( 4 ) 


x(0)| 


< e 




where Vj (j = 1,2,3, A) is a proper open cone in C nj containing the vector 

Q(j) . 


Lemma 3.8. Assume the positive real numbers in {e} to be sufficiently 
small. Then Sh{V, {e}) is 1-regular, that is, there exists a constant C > 0 
satisfying that, for any points p and q in Sh{V, {e}), there exists a rectifiable 
curve in Sh(V , {e}) which joins p and q and whose length is less than or 
equal to C\p — q\. 
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Proof. We first show the fact that the subset D in M m defined by 


r fe > 0 (k = 1,... ,m), 

< (ri,..., T m ) G M m ; V - e/_ < /(r) < v + e/ j+ > 
for any (/, v) £ H. 


is 1-regular. Take points 


Cl — (u], • • • j dm) £ D 


and 

6 = (6i, ..., b m ) G D. 

Consider the closed curve parameterized by 0 (0 < 6 < 1) 

(< Abt e \ 

Since f £ H is a monomial of the r variables, the curve is contained in 
D. Furthermore, as a? k b j, 1 ^ is a monotonic function of 9, the length of the 
curve is dominated by 


y, \a k - b k \ < m\a - b\. 
k=1 

Hence D is 1-regular. Now define 

Y = {z G S H (V, {e}); |^ (1) ||z (2) | • • • |z (m) | = 0}. 

Since Sh(V , {e}) \ Y is dense in Sh{V. , {e}), we may assume p and q in the 
lemma to be outside Y. Let 

p = ^°\z^,...,z^)£S H (V,{e})\Y 

and 

q = (w {0 \ w^\ w^) G S H (V, {c}) \ Y. 

Then we take points 

pi = (t&(°\ zF>, ..., zW) G S H (V, e) \ Y 
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and 


P 2 



(i) 

|iW| ’ 


|y,M| 

’ |iM| 



{e})\Y. 


We join these points successively: First p and p\ are joined by the straight 
segment. Let P be the product of the spherical surfaces defined by 

{(z®, \z^\ = |rh (fc )| (k = 


Then the point P 2 and q are connected by the shortest arc in the surface P. 
Since D is 1-regular, there exists a curve (ti(0), ... ,r m (d)) (0 < 6 < 1) in 
D which joins the points a = (Iz^l,..., |z^|) and b = , |w/ m )|) 

and whose length is bounded by m\a — b\. Then p\ and p 2 are jointed by 
the closed curve (0 < 6 < 1) 



Clearly these curves are contained in Sh(V., {e}) and the total length of 
these curves is bounded by a constant multiple of \p — q\. □ 

By the same method as above, we can also prove the following corollary: 

Corollary 3.9. Assume the positive real numbers in {e} to be sufficiently 
small. Then, for any point p G X, there exists a family {U K } K> o of open 
subanalytic neighborhoods of p such that U K (~] Sh{V, {e}) is contractible. In 
particular, Sh{V, {e}) is locally cohomologically trivial. 

Proof. We may assume /o to be empty. Then every point has a fundamental 
open neighborhood in the form 

..., z^y, a k < \ Z W\ < b k , zW e T k (k = 1,..., m)}, 


where a k , b k and T k satisfy the one of the following conditions: 

1. 0 < a k <b k and T k is an open convex proper cone in C n f k) 

2. a k < 0 < b k and T k = . 
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Let U be such an open subset. 

We first suppose / 0 for any k E {1, 2,..., m} and U fl Sh{V , {e}) 
is non-empty. Take a point q in U fl Sh{V, {e}) and fix it. Then, by the 
same argument as that for the proof of the previous lemma, every point 
p E U n Sh{V, {e}) can be joined with q by an explicitly specified path in 
U n Sh(V, {e}). Hence the family of these paths give a contraction map. 
Now let us consider the general case. Set 

K z := {ke {1,...,m};C W =0, a k < 0}. 

For any p = • • •, zi™'*) E U Fl Sh(V, {e}), we determine the point p = 

(zi^, ..., by zi^ = 0 if k € Kz and z^ = z^ if k ^ Kz- Then the 

straight segment joining p and p is completely contained in U n Sh{V, {e}) 
because, for (/(r), v) € H, the variable T k with k € Kz appears only in the 
numerator of /, and further, v = 0 when T k appears in the numerator of /. 
Therefore we first change every point p in U Fl Sh(V, {e}) to p, and then, 
apply the previous argument to the only coordinates z^ (k ^ Kz ), i.e., z^'" 1 
with k E Kz is fixed to be the origin in C nfc . □ 

Hereafter we always assume that the positive real numbers in {e} are 
sufficiently small so that the above lemma and corollary hold for Sh{V, {e})- 
We denote by Vg the set of all the subsets of {1, 2, ...,£} except for the 
empty set. For any J E Vg, we set 

(3.17) Kj := (J Kj, Zj := f| Zj. 

j&J j&J 

For any subset K C {1, 2, ..., rn }, we denote by z^ the set of the 
coordinates blocks z^’s with k E K. We also set 

CA" := {0,1,..., m}\ K. 

Note that the coordinates of Zj are given by z^ Kj \ Let irj denote the 
canonical projection from X to Zj defined by z —>■ z^ Kj \ 

Lemma 3.10. Let V E V(£), and let {e} be the set of positive real numbers. 
Then we have the followings: 
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1. For a X = (Ai,..., A^) with 0 < Xj < 1 ( j = 1,2,... ,£), we have 


h{S H (V, {e}), A) C S H (V, {e}). 

2. For a J £ Vi, we have 

Trj(S H (V,{e})) = ZjnS H (V,{e}) 


Proof. The first part is already proved in Section O Corollary 12.321 
Let us show the second claim: Set S := Sh(V , {e}) for short. Clearly 

MS) Dvrj (5) DSnZj 

hold. Now we will show the converse inclusion. For A = (Ai,..., A^) and 
J = {ji,---,jr} O'l < ■■• < jr), set A J := (X n ,..., X jr ) and define HJ ■ 
X x (M+)# J -> X by 

hj( Z ,Xj) = Pjl(pj 2 (' ■ ■ (pjr( Z l ^jr)l ■■■)■> ^2)1 -\?'l)' 


Set 


Fj(z,t) = /Jj(z,t, ..., t) (t£R). 


Suppose Zoo € ttj(S). Then we can find a sequence {z m }^ =1 such that 
z rn £ S and 7 Tj(z m ) —>• z^. Since 7 rj(z m ) = /2j(z m ,0) holds, the sequence 
z m '■= hj(z m ,l/m) tends to z^. By the claim 1. we have z m £ S, from 
which Zoo £ S follows. This completes the proof. □ 


For a J £ Ve and for an S := Sh(V, {e}), we set Sj := ttj(S), and by the 
above lemma, we have 


(3.18) Sj = SnZj. 

Sj enjoy several good properties as those in S. Let /i\zj (resp. Hj\zj) be 
the restriction of the action /i (resp. jif) to Zj. 

Proposition 3.11. Assume Q(H) = H. Then, for S := Sh{V, {e}) and 
J £ Vi, the subset Sj is a multicone in Zj with respect the action n\zj- In 
particular, we have: 
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1. Sj is stable under contraction by the action p-jlzj, that is, p.j\zj{z,t ) € 
Sj if z € Sj and 0 < t < 1. 

2. Sj is 1-regular and locally cohomologically trivial if {e} consists of 
sufficiently small positive numbers. 

Proof. It follows from Proposition 12.Ill that Q and Q are equivalent. Hence, 
by Lemma 13.31 we can assume that H C Q and [H] and Q are equivalent. 
Furthermore, since Q(H) = H holds, we also assume that Sh{V , {e}) is 
defined by the special form (13.161) . Suppose that Kj is non-empty and 

Kj = {m' + 1, m' + 2 , ..., m} 


for some 0 < m' < m. Set 


rj ( 1 1, • • •, T m >) 

and denote by Pi Tj the set of monomials of rational powers of the variables 
tj with coefficients 1. 

Recall that Q is given by 

(Ti r x M> 0 ) p| [G], 

where G is 

Q ((^A) ’ IC(1)| ) ’ "' ’ (^) ’ ICM| ) ’ (Al ’ 0) ’ " ' ’ (A ^’ ° } ) ‘ 

The corresponding semigroup Qj with respect to the action (j\zj in Zj is 
given by 

(^ rj xE> 0 ) p| [Gj], 

where Gj is 

Q ((^\)’ lc(1)| ) ’ "' ’ (^a)’ lc(m }| ) ’ (Al ’ 0) ’ "' ’ (A '’ 0) ) ‘ 

By noticing the fact that the variable appears only in the term Tk/<Pk(\), 
we can easily see 

C n Tj X M> 0 ) p Q = Qj. 
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Recall the operation Ck defined in Subsection 12.31 Let us define the slightly- 
modified operation Ck which consists of the only FI and F3 in the definition 
of Ck- Then, as the same reasoning as that for the claim 2. in Proposition 
12.241 the finite subset defined by 

Hj ■-= (C m o • • • o C m ' + i)(H) 

is the radical of Qj. Now, by repeated application of Lemma [3.121 below. we 
can conclude that Sj = nj(S) is a multicone Sh j (‘^j(V),{€ > }) in Zj with 
suitably chosen {e'}. This completes the proof. □ 

Before stating the lemma, we need some preparations: Let T be the prod¬ 
uct space Ti x T 2 x • • • x T m with the coordinates r = (n,..., r m ) where 
each Tk is either M + or M>o- Set T' := T 2 x • • • x T m with the coordinates 
t' = ( 72 ,..., T m ) and 7Ti : T —>• T' is the canonical projection r —>• t'. 

Let {5s} se A be a finite subset in "H r . We assume that each g s is well 
defined on T, that is, Vk(g s ) > 0 for any 1 < k < m with Tk = R>o- Let 
{a s }<j g A be a set of positive real numbers and define the subset 

W ■-= {t G T; g s (r) <a s (s£ A)}. 

Then, under this situation, we have the lemma below: 

Lemma 3.12. The subset ir\(W) C T' is defined by the following family of 
inequalities: 

(3.19) g s < a s 
for any g s (s E A) with u\ (g s ) = 0 and 

(3.20) g a s g b s , < a a s a b s , 

for any pair g s and g s / (s,s' € A) with (g s ) < 0 and v\(g s i) > 0, and 
natural numbers a and b are taken to be prime to each other with a\v\(g s )\ = 
bWi(gs') I- 

Remark 3.13. The inequalities (|3.19l) and (I3.20p are counterparts of FI 
and F3 of the operation C\, respectively. 


72 










Proof. If T\ = M>o, then the lemma trivially holds. Hence we assume T\ = 
M + and, for simplicity, we may also assume (g s ) 7^ 0 for any s € A. In this 
case, t' € vri (W) if and only if we have 

max so\(g s , cl s )(t') < min sol(g s , a s )(r') 
seA,ui(g s )<0 s£A, vi(g a )>0 

where sol(g s , a s )(T / ) is the solution of the equation g s {r 1, t') = a s when we 
regarded it as an equation of t\ . The latter condition is clearly equivalent to 
(13.2011 for any pair g s and g s i ( s , s' S A) with v\(g s ) < 0 and zq(gv) >0. □ 

Remark 3.14. Some Pj\zj may be the identity action on Zj. Since the 
geometrical situation remains unchanged if the corresponding deformation 
parameter tj is removed. Hence we may consider the situation where such an 
action is ignored and the corresponding deformation parameter is removed. 
Furthermore, if there is a pair fij and gj* (j / j') which gives the same 
induced actions Pj\zj = hj'lzj, we can also eliminate such a duplication, for 
example, by removing t l j\z J and the corresponding deformation parameter 

tj. 

For a multicone, we can introduce the notion of a proper sub-multicone as 
follows: Recall that, for V = C n ° x V 1 x • • • x V m and V' = C n ° x V{ x • • • x Vf 
in R(C), we say that V is properly contained in V' if 14 \ {0} C Vf holds for 
any k = 1 , 2 ,... ,m. 

Definition 3.15. We say that S = Sh{ V, {e}) is properly contained in 
S' = Sh(V', {e'}) if V is properly contained in V' and if the positive real 
number in {e} is strictly smaller than the corresponding one in {e / }, i.e., 
eo < e' 0 , < e'j _ and ej )+ < e'j + hold for any (f,v) G H. 

3.2 Asymptotic polynomials 

Let J € Vi- We denote by Z> 0 the subset of Z> 0 

(3.21) {(Ai,..., \f) € Z> 0 ; Xj = 0 (J J )} 

which is sometimes identified with Z>q also. Recall that the (JL x m)-matrix 
A x = ( ajk ) (ajk € Q> 0 ) defines the action fi on X. Let a a be a positive 


73 




rational number so that ajk G Z and all the ajk have no common divisors, 
and let us consider the action on X whose associated matrix is &aA a which 
is denoted by fi a a a x hereafter. Note that fr aA A x (z, X) = X aA ) holds. 
Then we define, for /? G Z> 0 , 

(3.22) Tj ;/3 [z (K j) J := — exp(-{j,* A A x (z, X))-^exp(fi<r A A x (z, A)) 

where ej G C ( denotes the point (ei,..., e^) with e,j = 1 if j £ J and ej = 0 
if j G J. Let N = (ni,..., n^) G Z> 0 and /? G Z> 0 . Then we write /3 <j iV 
if and only if /3j < rij holds for any j G J. 

Now we define 

(3.23) Tj N (z^ := ]T T Jifi (V A ^) . 

/3gZ^ 0 ,/3<jN 

Here, if the set {/? G Z> 0 ; /3 <j N} of indices is empty, we set Tf N := 

0 as usual convention. 

For a multi-index a = (aq,..., a n ) G Z> 0 , we denote by a^ (k = 
0 ,..., m) the part of a multi-index a which corresponds to the coordinates 
block z ^ and call it an index block. That is, a^ consists of aq’s with 
Zi G z^ k \ where Zi G means that the coordinate variable z. t belongs to 
the coordinates block z^ k \ We denote by |a} fc )| the length of an index block 
a^ k \ i.e., 

(3.24) a i ■ 

In subsequent arguments, (aq, ..., a n ) G Z> 0 is often written in the form 
(aW,..., a- m l) of index blocks. For a subset K C {1, 2, ..., to}, we also 
define the subset of Z> 0 by 

(3.25) Zg> := {(aW,..,aW) G Z^ 0 ; = 0 (A: £ K)} C Z%. 

Lemma 3.16. For an N = (m,... , nq) G Z> 0 , we have 

(3.26) Tj ^ ^ -^z Q , 

a&Aj(N) a ' 
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where Aj(N) C (C Z> 0 ) is defined by 


(3.27) A/(iV) = < a € Z^ j) ; ^ a ifc |a (/c) | < r^/cyi for any j <E J > . 

[ fceiO J 

Proof. For fi € Z> 0 and for any k € Kj and any Zi in z^ k \ we have 

■§7. T JA (z (A j) ) = ^ ^ ex P(-^ A A x (2, A))df exp(// CTAAx (z, A)) 


A=ej 


= ^exp(-// ffA A x (2, A))3^(y?fc(A) CTA exp(^ 0 - A A x (-, A))) 


\=ej 


W -J °aA*/)\ 


= T, 


exp (-n aAAx (z, A))df jctaAx exp(// CTj4J 4 x ( 2 , A)) 


,(*j) 


\=ej 


J, (fi-ja A A^ k ^ 

Here denotes the fc-th column vector of the matrix A x and we regarded 

aAA x k as a multi-index in Z> 0 . Furthermore the operation a —j ft means 

that subtraction is performed only in j-th components with j € J, that is, 

for a = ( a.j ), fi = (Jfi) and 7 = (7 j), the equation 7 = a — j ft holds if 

and only if 7 j = — (3j for j € J and 7 j = ctj for j ^ J. We also note 

that, when some entry of the vector (3 —j cjaA x k becomes negative, we set 

T / * fc \ = 0 as usual convention. Therefore the argument goes in the 

J,(p -J &aA x ’ J 

same way as Lemma 7.6 in [6]. However, for reader’s convenience, we repeat 
its argument here: Let us show the lemma by induction on n = n± + ■ • • + n£. 
If n = 0, as both sides of the equation (13.261) are zero by definition, the 
lemma is true. 

Now we prove the lemma for a general n > 0. Let us consider the system 
of partial differential equations of an unknown function u{z^ Kj ^) defined by 


(3.28) 


O <N - aA A*’ k . . {k) . 

—u = Tj x (k£ Kj, Zi m z w ). 

OZi 


Then, by the induction hypothesis, the right hand side of the above equation 
is given by 


T <N-ja A A*f k = J 

J ' Q/j 

a&Aj{N—jcrAAf k ) 
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Then we can confirm that both u = Tj N (z^ K j ^) and u = — -z a 

_ aeAj(N) 

satisfy the same equation (13.281) . Note that the solution of (13.281) is uniquely 
determined if the initial value of u at z^ K F = 0 is given. It is easy to see 
that Tf N { 0) = 1 if Aj(N) / 0 and T< A7 (0) = 0 if Aj(N ) = 0. Hence we 
have obtained (13.261) for n. This completes the proof. □ 

Definition 3.17. Let S := Sh{V. , {e}) with V € H(C) and {e} of positive 
real numbers. We say that {F /} is a total family of coefficients of 
multi-asymptotic expansion along x on S if each Fj consists of a family 
{fj,a} ( Kj ) of holomorphic functions on Sj. 

Let T be a finite subset of and p = ^) agr c a za a polynomial of the 

variables z^ Kj '. We define 

tf,j(p)(z ) := (^ (CAj) ) z a - 

«er 


Then we set 


(3.29) 

Tj,p(F; z ) : = t f,j(7j,/3), 

(3.30) 

Tj N (F; z ) := £ Tj,p(F; z), 
P<jN 

and 


(3.31) 

App <Ar (F; 2 ) := ^ (-l)(# J+1 )Tf iV 


Jev t 


Let f(z) be a holomorphic function on S, and let us define the family 
by 


(3.32) 




aGZ 


(Kj) 

>0 


for each J G Ve- 
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Lemma 3.18. We have 


(3.33) 


Tf N (fj;z)= Y, 

aeAj(N) 

- E 


fj,a (z< CK '<) 


a! 

1 d? 

p\d>7 


f{[ia A A x (z, A)) 


\=ej 


pezi 0 ,/3<jN 

Proof. The lemma can be proved in the same way as in the proof of Lemma 
13.161 Set 

„ _ 1 

Tf N {f\z):= Y, p[Qtff(»°AA x (z, A)) 


P eZl 0 ,p<jN 


\=ej 


where, if the set {(3 E Z> 0 ; P <j N} is empty, we set Tf N (/; z) := 0 


as 


usual. 


Let k E Kj and Zi in z^ k \ For (3 E Z> 0 , by the same computation as i 


m 


the proof of Lemma 13.161 we have 

dFi A )) a= ,J 


(P-jv A A2 k )\ 


d 


j3-ja A A*Z k df 


x ^y aAA ^ z: A)) 


A =ej 


where we set cP jctaA x g _ q if some entries of (3 — j a^A^ k take negative 


values, from which we get 


d 


S T-(/;,) = r, 

By direct computations, we also have 


<N-ja A A^ k ( df 


dz. 


; 2 




<N—ja A A x k ( ( df 
dZi 




*/ j 


and 


f\zj if {(3 € Z^ 0 ; (3 <j N} ± 0, 

if {/? € Z^ 0 ; f3 <j N} = 0. 
Therefore the claim Tf N = Tf N can be shown by the induction on the 


T} N (f-, z) = TfUj; z)\ Zj = ( 


length of N. 


□ 
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3.3 A family of level functions of multi-asymptotic expan¬ 
sions along x 

Let (0; C) = (0; • • •, C^) £ <S X . Hereafter we always assume 

(3.34) p is outside fixed points. 

Hence, by Corollary 12.51 we may assume 

(3.35) |C (fc) | + 0 for 1 < k < L. 

In this subsection, we introduce level functions which are needed to give 
an estimate of the remainder term of an asymptotic expansion. When the 
associated action p x is non-degenerate, the level functions paj’s are nothing 
but Hence the readers who are interested only in a non-degenerate 

case may skip this subsection. 

Through this subsection, we use the same notations as those introduced 
in Subsection 12.21 For /(r, A) € 7~L T ,\ with a := Vj(f) < 0, we set 

(3.36) solj (/)(r, A) := Aj/ 1/|a| , 

that is, we have /(r, A) = 1 by putting A j = sol j(f) into /. Note that, 
by definition, sol j{f) is independent of the variable A j. Recall that, for 
L < j < t , we set 

F°’ j := (C^o...oC x l+ 1 )(G) 
and, for convenience, we also set 

F°’ L = G. 


Now we define 


(3.37) pj + i(r', A") 
where we set 


max sol^ +1 (/)(r', A") 
(. f,v)eF 


(L < j < £), 


F°< j := {(f,v) € T 0 ’- 7 ; u x +1 (f) <0} (L < j < i). 
Note that, when is an empty set, we set p 3+ \{t', \") = 1 . 
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Lemma 3.19. Let L < j < i. If p,j+i is not the identity action on X , then 
is non-empty. 

Proof. By the assumption, the (j + l)-th row is non-zero. Hence there 
exists 1 < k < L such that aj + \^ 7 ^ 0. In fact, if a J+ = 0 holds for any 
1 < k < L, since (j + l)-th row is non-zero, we have Rank A x > L, which 
contradicts RankA Y = L. As 

Tk = a"), a") 

holds, we get, for some w € M>o and some integer N, 

((r fe /A“;Y' fc )^, w"j G T := {(/,*) € [G]; ^ +1 (/) = ■ ■ ■ = ^(/) = 0}. 

By the same reasoning as that in the proof of Proposition 12.241 the radical 
of [F 0 ’- 7 ] coincides with T, which implies 7 ^ 0 . □ 

Remark 3.20. As ifk( T ) (L < k < m) does not contain the variables X, for 
(/, v) G Ff is independent of the variables r". Furthermore, since it 
follows from the definition of F Q ^ that f contains the only variables t' and 
Aj+i, ..., Xg, pj is a function of the variables r' and Aj+i, ..., Xg. That is, 

Pl+i(t', A") = pl+i{t', Al +2 , Xl+3, ■■■, A^), 

PL+ 2 <V, A") = Pl+2{t', Al+ 3 , . . . , A c), 


Pi- i{t' iX") — P£_i(t', Af), 

Pi(t', A") = pi{t). 

Now we define the closed subset A C (M + ) m+ ^ by 

(3.38) {(r, A) € (R + ) m+e -, Xj = Pj (T f , X") ( L<j< £)} . 

Let 7 r Ti v : (M + ) m+ ^ —»■ (M+) m+i be the canonical projection by (r, A', A") —> 
(r, A 7 ). Then, by the above remark, 7 t t> ,v|a gives an isomorphism between A 
and (M + ) m+i . Hence, for any / G the restriction f\\ can be regarded 
as a function of the variables r and A'. In particular, if / is independent of 
the variables A 7 , then f\\ becomes a function of r. 
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Remark 3.21. The inverse of 7t t>/ \'|a is concretely given by the following 
procedures: First define 

(3.39) A i = P(\k{t') = Pi(t'). 

Then we eliminate the variable A i in pe-i(r', \e) by (13.391) and define 

(3.40) A^_i = P£_i|a(t') = pi-i{r', pt{r')). 

Again we eliminate the variables A^_i and \g in pi-i(t' , A^_i, A^) by (13.391) 
and (I3.40p . we define 

Xi~2 = P£-2 \a(t') = p£- 2 (r', P£-i\a(t'), P£\a(t')). 

We successively apply the same procedures to pj’s, we finally obtain 
Al+i = pl+i\a(t') = pl+i(t', pl+2\a{t’), ..., p£\ a (t')). 

Then, the inverse is given by the correspondence 

(r, A') (r, A' A") = (r, A', Pl+1 \a (r'), ..., p e \ A (r')). 


In what follows, we also denote by paj the restriction of pj to A, i.e., 
PA,j(r') := PjIa(t') {L < j < i). 


Set 

(3.41) 

Now we also set 

(3.42) 


p"(r', A") := ( Pl+ 1 (t',\”),...,P£(t',\”)), 
P "a(t') := { P a,l + i{t'),...,Pa,£(t')). 


P \t',\") A") 

Mr 1 ) ■.= i p-\(r') = p-\T r 1 p'f(T r )). 


We often write Ta^j instead of ip - *|a hereafter. Finally we define 
P = (p', p") and pa = (pa> Pa)- 

We here emphasize that pa are functions of the variables t', i.e., they are 
independent of the variables r". 
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Remark 3.22. When p x is non-degenerate, since l = L holds, in particular, 
no A" and p" appear in this case, we have 

P = PA = ¥> _1 (r'). 

Lemma 3.23. We have 

Tk = Vk(PA(r')) (1 < k < L). 

Proof. As we have 

Vj^A = PA,j (1 < 3 < L), AjIa = PA,j {L < j < £), 

the equality is obtained by the restriction of the following usual one to the 
subset A: 

Tk = Pk{p~ l , A") (1 < k < L). 

□ 

Example 3.24. Let us consider X with coordinates blocks z^ l \ z^ 2 \ z^) 
and 3-closed submanifolds 

Z\ = {z W = z (3) =0}, Z 2 = {z (2) = z (3) =0}, Z 3 = {z (3) = 0}. 

In this case, we have m = t = 3. Let A x be the matrix associated with 
the family x = {Z\, Z 2 , Z 3 }. Clearly L = RankA x = 3, and thus, x Is of 
normal type. 

Then 

991 (A) = Ai, 992 (A) = A 2 , ^3 (A) = AiA 2 A3, 

and 

Tf\r) = n, ipf 1 (r) = r 2 , 9^V) = t 3 /(tit 2 ). 

Because of i = L = 2>, we get 

F q = G = {(<pf\ 0), (^ 2 -\0), (^So)}. 

As x is of normal type, by the above remark, we have 

pi(r) = T 1; p 2 (r) = r 2 , p 3 (r) = t 3 /(tit 2 ). 
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Example 3.25. Let us consider X with coordinates blocks (z^°\ z^\ z^ 2 \ z^) 
and 4-closed submanifolds 


Z x = {z (1) = z {3) = 0}, Z 2 = {z (2) = z (3) = 0}, Z 3 = {z (3) = 0}, 

Z 4 = {z« = z( 2 ) = z< 3 ) = 0}. 

In this case, we have m = 3 and 1 = 4. Let A x be the 4x3 matrix associated 
with the family x = {Z\, Z 3 , Z 4 }. Clearly L = RankA x = 3, and thus, 

X is of transitive type. Then 

(pi(X) = A 1 A 4 , (p2 (A) = A 2 A 4 , ^3 (A) = A 4 A 2 A 3 A 4 , 


and 


<Pi 1 {r, A 4 ) = ri/A 4 , ip 2 1 (r, A 4 ) = r 2 /A 4 , ip 3 1 (t, A 4 ) = t 3 A 4 /(tit 2 ). 
By the definition, we have 

F °’ 3 = G = {(tpf 1 , 0), (<p 2 \ 0), (^3 \ 0), (A 4 , 0)}. 

By applying the operation £ 4 to F 0,3 , we obtain 

F q = F 0A = {(n, 0 ), (t 2 , 0 ), (r 3 /r 2 , 0 ), (r 3 /n, 0 )}. 

Since we easily see 

F f = {(n/X 4 , 0), (r 2 /A 4 , 0)}, 


we get 


P 4 = max{ri,r 2 } 


and 

A = {A 4 = Pa{t)}. 


Hence we finally obtain 

PA,i( r ) = T i/max{n, r 2 }, /9 Ai2 (t) = r 2 /max{n, r 2 }, 

PA,3(t) = r 3 max{ri, t 2 }/(tit 2 ), PaA t ) = max{n, r 2 }. 
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Example 3.26. Let us consider X with coordinates blocks (z^°\ z^\ z^ 2 \ z^) 
and 5- closed submanifolds 

Zi = {^ (1) =0}, Z 2 = { Z M =0}, Z 3 = {z (3) = 0}, 
z 4 = {z (1) = z (3) =0}, Z 5 = {z (2) = z (3) = 0}. 

In this case, we have m = 3 and £ = 5. Let A x be the 5x3 matrix associated 
with the family x = {Zi, Z 2 , Z%, Z 4 , Z 5 }. Clearly L = RankA x = 3, and 
thus, x is of transitive type. Then 

(fi(X) = A 4 A 4 , cp 2 (A) = A 2 A 5 , 953 (A) = A 3 A 4 As, 

and 

A") = Ti/A 4 , A") = T 2 /A 5 , (Pg 1 (t, A") = T3/A4A5, 

where A” = (A 4 , A 5 ). By the definition, we have 

F 0 ’ 3 = G = {(^r 1 , 0 ), (^ \ 0 ), 0 ), (A 4 , 0 ), (As, 0 )}. 

By applying the operation £ 4 to F 0,3 ; we obtain 

F 0 ’ 4 = {(n, 0 ), (r 2 /As, 0 ), (73/A5, 0 ), (As, 0 )}, 
and, by applying the operation £5 to F 0,4 , we get 

F q = F 0,5 = {( Tl , 0), ( 7 - 2 , 0), (r 3 , 0)}. 


Since we see 

F< 3 = {(f/A 4 , 0), (t 3 /A 4 A 5 , 0)}, 


and thus, 


Pa (t~, A 5 ) = max{n, r 3 /A 5 }. 

In the same way, we have 

F <’ 4 = {(t 2 /A 5 , 0), ( 73 /A 5 , 0)}, and thus, p 5 (r) 

Hence we have 


A = {A 4 = p 4 (r, A 5 ), A 5 = p 5 (r)} 


max {r 2 , r 3 }. 
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and 


PA,i{t) = T\/ max{n, T 3 /max{r2, r 3 }}, pa, 2 (t) = r 2 /max{r 2 , r 3 }, 

PA, 3 (t) = r 3 / max{n max{r 2 , r 3 }, r 3 }, 

PaA t ) = max { r i ■ r 3/ niax {t 2 , t 3 }}, 

PA,5(t) = max {r 2 , r 3 }. 

For families of the level functions obtained so far, each action fij becomes 
strict in the sense of Subsection 13.51 However the following family gives a 
non-strict action. 

Example 3.27. Let us consider X with coordinates blocks (z^°\ z^\ z^ 2 \ z^) 
and 5-closed submanifolds 

Z i = {z« = 0}, Z 2 = {z (2) = 0}, Z 3 = = z (2 > = z (3) = 0}, 

Z 4 = = z {2) = 0 }, Z.5 = {z (2) = z {3) = 0 }. 

In this case, we have m = 3 and £ = 5. Let A x be the 5x3 matrix associated 
with the family x = {Z i, Z 2 , Z 3 , Z 4 , Z 5 }. Clearly L = RankH x = 3, and 
thus, x is of transitive type. Then 

<Pi(A) = AiA 3 A 4 , ip 2 ( A) = A 2 A 3 A 4 A5, <p 3 (A) = A 3 As, 


<Pi 1 (r, A") = riA 5 /(r 3 A 4 ), (p 2 1 ( r, A") = t 2 /(t 3 A 4 ), cp 3 1 (t, A") = r 3 /A 5 , 

where A " = (A 4 , A 5 ). By the definition, we have 

F 0 ’ 3 = G = {(^\ 0), (y >2 \ 0), (vA, 0), (A 4 , 0), (As, 0)}. 

By applying the operation C\ to F 0,3 ; we obtain 

F° A = {(t 2 /t 3 , 0 ), (T1A5/73, 0 ), (t 3 /A 5 , 0 ), (A 5 , 0 )}, 
and, by applying the operation £5 to F 0,4 , we get 

F q = F 0,5 = {(t 2 /t 3 , 0 ), (r 3 , 0 ), (n, 0 )}. 
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Since we see 


F < 3 = {(t 2 /(t 3 A 4 ), 0), (t 4 A 5 /(t 3 A 4 ), 0)} 


and thus, 


P±{t, A 5 ) = max{r 2 /r 3 , tiA 5 /t 3 }. 


In the same way, we have 


F < 1 = {(T 3 /A 5 , 0)}, and thus, p 5 (r) = r 3 . 


Hence we have 

A = {A 4 = p 4 (r, A 5 ), A 5 = p 5 (r)} 

and 

PA,i(r) = 1/max{l, r 2 /(rir 3 )}, yOA, 2 (r) = 1/max{l, rir 3 /r 2 }, 
PA,3(r) = 1, PA, 4 (r) = max{n, r 2 /r 3 }, p A)5 (r) = r 3 . 

The following proposition plays a key role in the theory of multi-asymptotic 
expansions. 

Proposition 3.28. Let S be a subset in (M + ) m with coordinates r = (r', r"). 
Assume that, for any (/, ») £ F = F 0 ’^ /(r) is bounded on S. Then we 
have: 

1. For any (/, r) € G = F 0,Z/ , /|a(t) is bounded on S. That is, there 
exists a constant C > 0 /or which we have 

PA,j(r') = <C (1 < j < L, t € S), 

f’ki'r) < C (L < k < m, t € S), 

C~ l < ifk (r) (L <k<m, kg J z { C), r <E 5) 

Paj(t') = Aj|a < C {L<j<£, t € S). 


(3.43) 

(3.44) 

and 

(3.45) 
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2. There exist C > 0 and N > 0 such that 


( k-th \ 

Tl, ■ ■ ■ , tT k , . . . , T L ) < Ct N p\ j {t') 

J 

(t > 1, r' € (M+) L ) 

hold for any 1 < j < £ and 1 < k < L. 


Proof. We may assume that all the actions /p,- (j = 1,2 ,... ,T) are different 
from the identity action on X. We prove the following claim by induction 
on j = L: 

For any (/, v ) €E F 0 ’- 7 , /|a(t) is bounded on S’. 

When j = £, the claim follows from the assumption. 

Now assume that the claim is true for j + 1 and we will prove the claim 
for j. We consider the following 3 cases: Let (/, u) € F 0 ’- 7 with *&!(/) = °- 
In this case, (/, u) belongs to F°d +1 also, and thus, / |a(t) is bounded on S 
by the induction hypothesis. 

Let (/, v ) € F 0 ’- 7 with z^ +1 (/) < 0. By the definition of p J+ i, we have 

so1 * +1 (/)| a (t') < p A j+i(r'). 

By noticing i^ + i(/) < 0’ we 

/Ia(t') = /(r', paj+i(t'), PAj+2(r'), • • •, PA,e(r')) 

< f (r / , so1j +1 (/)| a (t / ), paj+2(t / ), .. ., PA/(r')) 

= f (r / , sol^ +1 (/), A j+2 , ■ • •, A*)| a = 1 . 

Hence we have obtained the boundness of /Ia('t'). 

Let (/, u) € F 0 ’- 7 with ^ + i(/) > 0. Since F< J is non-empty by Lemma 
13.191 for each fixed r 6 S, we can find (g T ,v T ) € F 0j with v^ +l (g T ) < 0 such 
that 

(3-47) solj v +1 (p T )|A(r') = paj+iO'). 

For such a g T , we see, by F3 of the operation Fj +1 , we have 
h ■= g'ff+^F f \uf +1 {g T )\ g ^oj+i. 
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Since h\\(r') is bounded on S by the induction hypothesis and since g T |a(t') = 
1 holds by (13.471) . we obtain 

which implies the boundness of /|a(t') on S. 

Hence we can show the claim for j, and thus, the claim is true for j = L 
which gives the claim 1. of the proposition. 

The claim 2. of the proposition easily follows from the fact that p\ } j(r) 
is obtained by successive compositions of functions defined by maximal of 
several monomials as shown in Remark 13.211 □ 

3.4 Definition of multi-asymptotic expansions along x and 
their basic properties 

We first define the notion of multi-asymptotical developability on a multi¬ 
sector S along y using level functions pA,j{j') ( j = 1,2,...,£) introduced 
in the previous subsection. As in the previous subsection, we continue to 
assume that 

(3.48) p = ( z C) £ S x is outside the fixed points. 

Note that, through the rest of subsetctions in Section [3J we continue to 
assume the point p to be outside the fixed points. 

Remark 3.29. We here give a short summary for a major case where the 
associated action p x is non-degenerate, which is the most important and 
interesting case: Let £ be the number of manifolds in and let m + 1 be the 
number of coordinates blocks (z^°\ z^ l \ ..., z ( m )). 

Then, by the non-degenerate condition, we have L = Rank A x = £ < rri 
and 

F q = F°> £ = G, 

where G is the finite subset ofTl Tt \ x M>o defined in Remark \2.9\ of Subsec- 
tion \2. 6 A 

The level functions of this case are given by 

PAj{r) = (1 <j<£), 
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for which Proposition \ 3.2$\ in the previous subsection clearly holds because 
of F q = G. 


Let H be a finite subset in ?7 r x M > 0 such that [H] and Q defined in (12.291) 
are equivalent, and let V € V(() and {e} a set of positive real numbers. Let 
/ be a holomorphic function on S := Sh{V ,, {e}) and {Fj} J& ^ a total family 
of coefficients of multi-asymptotic expansion along % on S. Here Sh(V, {e}) 
was defined in (13.151) and the definition of a total family of coefficients was 
given in Definition 13.171 

Remark 3.30. In what follows, to make the notation light, we set 
PA,j(z) ■= PA,j{\z^\') and p\(z) := paO^I') 
for z € S H (V, {e}). 

Recall that 17,4 is a positive rational number so that ajk € Z and all the 
ajk have no common divisors. 

Definition 3.31. We say that f is multi-asymptotically developable to F = 
{Fj} along x on $ If an d on h) if for any cone S' = Sh{V', {e'}) properly 
contained in S and for any N = (m,..., nf) € there exists a constant 
Cs>,n such that 

(3.49) | f(z) - App <n (F- z)\ < C S ', N [] PAAz) nj/aA € S'). 

1 <j<e 

Then the most fundamental result is: 

Proposition 3.32. If f(z) is multi-asymptotically developable along x on 
S, then any derivative of f is also multi-asymptotically developable along x 
on S. 

d 

For Zi € z ^, it easily follows from the definition that ——/ becomes 

OZi 

multi-asymptotically developable. 

d 

Let k G {1,... ,m} and z t in z^ k \ It suffices to show that ——/ is also 

OZi 

multi-asymptotically developable along \ on S. Assume that / is multi- 
asymptotically developable to the total family F = {Fj} Je j, of coefficients 
with Fj = {/j, Q } ( Kj). The following lemma can be easily proved in the 

same way as that of Lemma 7.12 in j 6 j. 
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Lemma 3.33. Let N = (m,..., ng) € Z> 0 . Set N + = N + a a A*f k where 
A x ~ denotes the k-th column of the matrix A x and define the total family 
F' = {F'j} by 


F'j : = 


f dfj,c 


l dzi 




(Kj) 


for J € Vg with k ^ Kj 


and 


F'j ■■= {/j,a+e i } QgZ (x J ) for J € Vg with k <E Kj, 


where e* is the unit vector in Z n with the i-th element being 1. Then we 
have 

^-App <iV+ (F; z) = App< iV (F / ; z). 

Proof. Set N + = (n\ ,..., n^). For J with A: ^ AT,/, as the polynomial Tj N 
does not contain the variable Zi and n!- = nj for j E J by the condition 
(m we have 

Z T < W +(J7 ; ,) = (Tf"*) = Tp. t j (Tj N *) = Tj N (F'; 

Let us consider the case k € AT/. Then, by the equality given at the 
beginning of the proof for Lemma 13.161 we have 

^ _ r7"T<jV 

dzi J ~ J ‘ 

For a polynomial p{z^ Kj ^) of the variables z^ Kj \ we have 


d 


w-r F)J (p) = TF . t j — 


dz, 


dp 


dzi 


Hence we have obtained 


Z 7 T j < a V; z) = FtfAtP*) = r FV f 


<9z. 


dzi 


= t f > j (Tj N ) = T< n (F *). 

This completes the proof. 

We also need the following lemma. 


□ 
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Lemma 3.34. For (/, v) € F q = F°’ £ , /(|,zM|) is bounded on Sh{V, {e}). 

Proof. This is a consequence of the fact that [H\, [i 79 ] and Q are all equiv¬ 
alent. □ 


Now we will prove the proposition. 


Proof. Take 5" = S H (V", {e"» so that S DD S" DD S' where S DD S" 
means that S" is properly contained in S. By the lemma, we have 


_d_ 

dz, 


f ~ App <N (F 1 ; z) 


I-(/-App<" + (*;.)) 


On S", we get 


g:=f-App< N+ (F; 


< C n PAj( z ) nj/tTA+ajK 

1 <3<i 


We hrst note that the condition (|3.46l) is equivalently saying that existence 
of IV G N and C > 0 such that, for 1 < j < £ and 1 < r < m, 


(3.50) 


Ct N PA,j(r') < pj(r i,..., r r _i, tr r , T r+ 1 ,. • • t l ) < C 1 t n paj(t') 
(0 < t < 1, t' € (M + ) L ). 


Let us evaluate the remainder term 5 on S'. First consider the case 
k Jz{ 0- Then we can find a sufficiently small e > 0 such that 

B(z) := z + G C n ; H < e|^|, = 0 (r ^ z)} C 5" 

holds for any z £ S ', which is a consequence of the following easy lemma. 
Lemma 3.35. Let Y = C m . Set, for 5 > 0, 

D(d) := {z € Y ; |z| < <5}, 

where \z\ denotes max{|zi|,..., |z m |} /or 2 ; = (zi,... ,z m ) € Y. 

1. We have, for z € Y and w £ z + D(e\z\), 


(3.51) (1 — e)\z\ < |u>| < (1 + e )|z 
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2. Let V' C V be open cones in Y with V' \ {0} C V. Then there exists 
k > 0 such that 

(3.52) z + D(k\z\)cV (z € V'). 


By noticing 

B{z) C [w € C n ; (1 - e)|z (fc) | < < (1 + e)|z (fc) |, w {j) = z (i) ( j + &)} , 

it follows from (|3.46l) and (I3.50P that there exists a constant C > 0 satisfying 
that, for any z € S ', 

n < c n PA,i(^) nj/,7A+aj ' fc («; e b{z)). 

l<j<£ 1 <j<i 

Let 7 be the circle in C of center Zi and radius e|z^| with the anti-clockwise 
direction. Then we obtain 


dg . ■, 

wY 


i f g{z i,.. 

• ? %i— 1 5 %i-\- 1 5 • 

' ,Zn ^ dt 


27T V /r l ,/ 7 

1 

to 



s ^ n (* £ s'). 


If 1 < k < L, then we have, by Lemma 13.231 

\zW\=<p k (pA(z))= J] PAj(z) a ^. 

1 <j<e 

If k > L, then it follows from (13.441) that we have 

C\z^\>Mpa(z))= n PaAzPK 

i <j<t 


Hence we have obtained, for some C' > 0, 


dg , v 

ei (3) 


< c n PAA*) ni/aA 

i <j<e 


which concludes the claim of the proposition when k ^ Jz{Q- 
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Now let us consider the case k € Jz(0- Since p is outside fixed points, 
we have k > L. Note that p\ does not depend on the variables t" and only 
V’fc(r) contains the variable t\~. Set for e > 0 and z € S ', 

B(z) := {tc G C”; \wi\ = \zt\ + eh(z), w r = z r (r / *)} , 

where h(z) := (pk(p\(z)). Note that h(z) is independent of the variables 
z<&. 

Lemma 3.36. If e > 0 is sufficiently small, then we have B{z) C S" for 
any z € S'. 

Proof. Since 'i/’fc does not contain the variables A, it belongs to F q . Note 
that, in F q , only V’fc contains the variable rfe. Note also that, as k G 
there is no (f,v) € H with Ok(f) < 0. Let (/, v) € H with a := Vk(f) > 0, 
and thus, we can set / = rf /g(j) with vy.(g) = 0. Then, as the radical of 
[F q ] is Q, there exist f3 ,7 € Q and r € [F q ] with Vk{r) = 0 such that 

f(r) = T k /g( T ) = ^kirfriry. 

Then, by comparing the order of the variable Ty. in both sides, we have 
a = f3, and hence, we obtain 

riry^giT) 1 /* = 

Since ?’(|z^|) is bounded on S , by restricting the above equality to A, we 
can find C > 0 such that 

c '5(k ( * ) l) 1/a > <Pk(p\(z)) = h(z) [z G S). 

By noticing that /(|^*^|) < e/ )+ determines the region in the z^-space 

{zi € C; |z i |<(e /)+ ) 1 /“^(|zW|) 1 / a }, 

we conclude B(z) C S" for any z G S' by taking e sufficiently small. □ 

We continue the proof. As p\{r) does not depend on the variables t", we 
have 

ll PA,jH nj/(TA+ajk = Yl PKj(z) nj/aA+ajk ( w£B(z )). 

1 <j<e 1 <j<t 
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Let 7 be the closed circle in C of center the origin and radius \z^ \ + eh(z) 
with the anti-clockwise direction. Then we have 


d9 (z) 


1 f g(zi,...,z i - 1 ,t,z i+1 ,..., 

dzi { } 


2tt\/^T 7 7 (t - Zi ) 2 


< 

C'(\z^\+eh(z)) T r ( snJ*A+a 

(eh(z)f h 

V K 1 <j<t 


Hence, by (13.441) . we get 



< 


C'(e + C) 

e 2 pk(pA(z)) 


i <j<e 


(z G 


Therefore we obtained the desired estimate in this case, and the proof of 
the proposition has been completed. □ 


Theorem 3.37. Let V € V(£) and {e} be the set of positive real numbers. 
Let f be a holomorphic function on S = Sh(V, {e}). Then the following 
conditions are equivalent. 


1. 

2 . 


f is multi-asymptotically developable along x on S. 


For any multicone 
d a f 

anya€Z%, — 


S' := Sh(V,{ e'}) properly contained in S and for 
is bounded on S'. 


3. For any multicone S' := Sh(V' , {e'}) properly contained in S, the 
holomorphic function f |g/ on S' can be extended to a C°°-function on 
Xr (!Xr denotes the underlying real analytic manifold of X). 


Proof. We first show 1. implies 2. it follows from Definition 13.311 with N = 
(0,..., 0) that / is bounded on S'. Since each higher derivative of / is still 


multi-asymptotically developable thanks to Proposition 13.321 
bounded for any a E Z ” 0 on S'. 


QOf 

dz° 


is also 


d a f 

As S' is 1 -regular by Lemma 13.81 and as / is holomorphic (i.e. — — = 
0), the claim 3. follows from 2. by the result of Whitney in pj]. Clearly 
3. implies 2. Hence the claim 2. and 3. are equivalent. 
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Now we will show 3. implies 1. Assume that / satisfies 3. In particular, 
any derivative of / extends to S' and is bounded on S'. It follows from 
Lemma [3.101 that for z E S' and 0 < Xj < 1 (j E {1, 2,... , £}), we get 
n(z, A) E S', which also implies p aA A x (z, A) = p(z, A CTA ) E S'. Therefore, 
for N = (m,..., ng) E Z> 0 , 


poo pc 

<PN(f\z) ■= ••• 

Jo Jo 


d N f{n aA A x (z, A)) 


dX N 


]^[ - \j)d\\ ... d\(, 

i <j<e 


where 


m 

Kn{t)-.= { t 


(n = -1), 


TT (« > 0) 


n! 


is well-defined on S'. Here <5 denotes the Dirac delta function and t+ = t if 
t > 0, t + = 0 if t < 0. Then, by integration by parts, we have 


<pnU;z) = f(z)~ (- 1 ) #J+1 7i\ d l ,jf(^ A A x (z,X)) 


/3gZ j ,/3<jN 


/3! 


\=ej 


J£P{Z t ) 

By taking Lemma 13.181 into account, we will evaluate the remainder term 
<P N (f]z). Let us consider a coordinate transformation of A defined by 

h = (PA, j (z)) 1/(TA X j (je{ 1,2,...,*}). 

Note that paj(z) is different from 0. Then, by Lemma 13.231 and the fact 
that (,t', X"), X") (L < k < m) is independent of the variables X" due 

to Lemma [2781 we have 


<Pk( X aA ) = 


<Pk{ A) 


°A 


and 


Vk(X aA ) = (fik( A) 




z( k ) | 

M\^\) 

I I 


(1 < fc < L) 


(L < k < m). 
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Hence we get, by noticing n aA A x {z, A) = fi(z, X aA ), 
d N 

g^N f (F<taA x (z,X)) 

ft N / ~(i) A L ) 

- n ^r A tm V -.Mir* m , 


i <j<i 


7 (L+l) 


ipL+l{\Y A ^L+l{\z <A * ) \) " L+ i), , •••, ^m{XY A 'lpm{\z { * ) \)- 


\Z' 

fit) 

W) 


It follows from the condition (13.431) and (I3.45|) that A j is bounded if 0 < 
A < 1 and z € S' . Each ipk(\z^\) is also bounded on z € S' by the conditions 
(13.441) . Hence there exists C > 0 such that 

d N f(n aA A x (z ,\)) 


sup 

Ae[o,i] £ 


d\ N 


<c n P A,j(z) n ' i/,7A (z € s'). 

l<j<c 


This gives the desired estimate of the remainder term. The proof has been 
completed. □ 


Assume / is multi-asymptotically developable along \ on S := Sh{V, , {e}). 

Then, for any multicone S’ properly contained in S and for any multi-index 

d a f — 

a , it follows from the theorem that —— can uniquely extend to S', and 

dz a _ 

then, by restricting the extension of / to irj(S') C S', we have the holomor- 
phic function on 7 tj(S'). Since the union of 7Tj(S")’s where S' runs through 
multicones properly contained in S is Sj, the family of these holomorphic 

functions determines the holomorphic function on Sj and we denote it by 
d a f 

j— . Now, as an immediate consequence of the above proof, we have: 
dz a Zj 

Corollary 3.38. If f is multi-asymptotically developable along x on S, then 
it is multi-asymptotically developable to the particular F = {Fj} where Fj 
is defined by 


(3.53) 


Fj 



ga f 


dz c 


Zj 




(Kj) 

>0 


Note that, in general, a total family of coefficients of multi-asymptotic 
expansion is not uniquely determined by /. We study details on this problem 
in the subsequent subsections. 
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3.5 Uniqueness of coefficients I 

Let S := Sh(V, {e}) and p\ = ■ ■ ■, PA/) be a family of level functions 

of x■ Recall that, for J, J' e Ve, the action pj is the one generated by the 
actions pj's (j € J) and pj\z d , denotes the restriction of the action pj to 
the submanifold Zj,. 

Definition 3.39. We say that the action pj is strict on S with respect to 
the family p\ of level functions if there exists an open dense subset S of S 
such that 

lirn pAj(pj(z,t)) = 0 (zeS). 

Furthermore, for J e Vp, the action pj (resp. p) is said to be strict if each 
Pj with j € J (resp. any j) is strict on S with respect to the family of level 
functions. 

Example 3.40. Let us see Examples I S.25\ and \S.26\ given in Subsection 
1 3.31 Here all the actions pj are strict with respect to the level functions p\. 
Note that the action p is transitive and degenerate. On the other hand, in 
Example \3.21\ the action p 3 is not strict with respect to the level functions 
p\ of this example. 

We have the following lemma for the strictness of actions. 

Lemma 3.41. We have: 

1. If the action p is non-degenerate, each action pj (1 < j < l) is strict 
with respect to p\. 

2 . pi is always strict with respect to p\. 

Proof. The claim 1. follows from the equality 

PA,j(hj(z, t)) = t PA,j(z). 

Now we prove the second claim. We follow notations used in Section T3.31 
We first show that, for any / in (/, v) € E< J , 

f{pe(z, t ), tX") = f{z , A") 
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holds for any t > 0, where f(z , A") denotes f{\z^\', A") for simplicity and 

tX" = (Al + i, ..., \e-i, 

Since V’fc does not contain the variables A", any / with (/, u) € F< ] is a 
product of a rational power of Lpf l (r', A")’s. Hence it suffices to show the 
above claim for / = g>~ l (r' ,X"). Then, we have, by definitions, 

t' = <p'(X', A"), Mr',f) = y/(A',fA"), 

from which the claim 

(X r =)ip~ 1 (z,X") = t),tX"). 

follows. 

Let (f,v) € F 1 . Then, by noticing that sol ^(f) is a function of the 
variable t' only, we have 

sol e(f)(Mz, t )) = tx e f(ne(z, t ), fA") 1/H = txj(z , A") 1/|a| 

with a := z/^(/) < 0. Hence we have obtained 

sol^(/)(^(z, t)) —> 0 (f —> 0 + 0 ), 

which immediately implies pA,e(pi{z, t )) —>• 0. This completes the proof. □ 

Let F = {Fj}j^p t with Fj = {/j, a } Q€Z oy/) be a total family of coef¬ 
ficients of multi-asymptotic expansion along x on S, and / a holomorphic 
function on S which is strongly asymptotically developable to F along x on 
S. Under this situation, we have: 

Theorem 3.42. Let J be the subset of {1,2,... ,£} which consists of an 
index j € {1,2 ,..., €} such that pj is strict on S with respect to the family 
p\ of level functions. Then we have the following. 

1. For any non-empty subset J of { 1,2, ...,£} and a € Z>q J \ any (higher) 
derivative of fj >oc is bounded on Sj for every S' = Sh(V', {e'}) prop¬ 
erly contained in S. 


97 



2. For any non-empty subset J of J, the family Fj = {/j, «} QgZ (iCj) is 
uniquely determined as follows. 


fj,a = 


d a f 


dz° 


Zj 


(a € 


Proof. We only prove the claim 2. because the proof of 1. goes in the same 
way as that of 2. It suffices to show the claim on S' properly contained in 
S. Hence, from the beginning, we may assume that / can be extended to S 
as a C°° function. Furthermore, by Proposition 13.321 it suffices to show the 
claim for a = 0, i.e., fj t o = f\zj for any non-empty subset J of J. 

We will show the claim by induction of the number of elements in J. 
Assume J = {k}, i.e. ffJ = 1. Let N = (m,... ,ni) with rij = 0 (j / k) 
and n k = 1, and consider the asymptotic expansion for this N. Then we 
have 

I f{z) ~ fk(Fj{z))\ < Cp Ajk (z) 1/(TA . 

Let z' € Sj and take £ with vrj(z) = z'. We may assume z € S. Otherwise 
we take an sequence {z r }ff =1 of S with z r —>• z (r —»• oo) and apply the 
following argument to each point 7 Tj(z r ). Then, by taking r —>• oo, we 
finally obtain the result at z'. 

By putting 2 = n k (z, A) € S into the asymptotic expansion and by letting 
A to the zero, we have 

PA,k(Pk(z, A)) —> 0 

as p k is strict. Hence we obtain f(z') = fk(z'). 

Assume that the theorem were true for ffJ = n> 1. We will show 
the theorem for ff.J = k + 1. Take jo € J and fix it. We denote by S the 
exceptional set with respect to the action pj 0 which appears in the definition. 
Let z 1 € Sj and take z with ttj(z) = z'. Let {A r }^ =1 be a sequence of real 
numbers in (0,1] which tends to 0 (r —>• oo). Set z r = pj(z, X r ). If z r ^ S, we 
replace z r with a point z' r in S sufficiently close to the z r with \z r — z' r \ < 1 /r. 
Then we determine a sequence {(i r }^T 1 of real numbers in (0,1] so that 


PA,j 0 {pj Q {z r , d r )) < 1/r r = 1,2 ,... . 
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This is possible because Hj 0 is strict. Set N = (n \,... ,ni) with rij = 1 if 
j £ J and rij = 0 if j ^ J, and consider the asymptotic expansion for this 
N. Then we obtain 

f(z) - '£(-l)# J ' +1 fj'Mz)) - (-1 )* J+l fj{z) <Cl\p AJ (z)^ A , 

J’ j&J 

where the first sum is taken over all the subsets J' in J except for J itself 
and the empty set. Set 


z r — /-ijf-j (z r , <5 r ) £ S. 


By putting z r into the expansion and by letting r —> oo, the right-hand side 
of the expansion tends to 0, and f(z) and in the left-hand side 

tends to f(z') by the induction hypothesis. Note that each fji ( J' ^ J) 
extends to Sji as a C°° function because / extends to S by the assumption 
and Sji = Zji n S holds by Lemma [3.101 Hence we have f(z') = fj(z'), 
which completes the proof. □ 


Let J £ TV and S := Sh(V, {e}) be a multicone, and let {/«} v (Kj) be a 
family of holomorphic functions on Sj. Note that Sj is also a multicone in 
Zj with respect to the action /i\zj by Proposition [3TTTJ We assume: For any 
a € fi € and for any multicone S'j C Zj properly contained 

in Sj, 


(3.54) 


&f a 

dzP 


is bounded on Sj. 


Let R € Vi with J C R. We denote by 7 Tr i j : Zj Zr the canonical 
projection, i.e., 

(z^) € Zj —» € Z R . 

Then it follows from the definition that we have 


vr = ttr,j o 7 Tj 

and, by Lemma 13.101 and Proposition 13.Ill 

Sr = ttr,j(Sj ) and Sr = Sj n Zr. 
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For a multicone S'j C Zj properly contained in Sj, it follows from the 

qP f a 

condition (|3.54jl and the 1-regularity of S'j that ^ can uniquely extend 
to S'j and its restriction to itrj(S'j) C S'j is a holomorphic function on 
7 T R,j(S'j). Since the union of hrj{S'j) is Sr when S'j runs through multi¬ 
cones in Zj is properly contained in Sj , we have obtained a holomorphic 
function on Sr = ttr,j(Sj) from these restrictions. Hereafter we denote it 

, d?f Q 

by 


dzP 


z R 


Now by using this restriction, we define a family { g 7 } v (k r ) of holomor- 

7GZ> 0 


phic functions on Sr, by 
(3.55) 




dPfa 


dzP 


Zr 


where a € Z>q J ' ) and /3 € Z>q^ are determined by the formula 


7 = a + (3. 


We denote by vor,j the map from a family of holomorphic functions on Sj 
to the one on Sr defined by the above correspondence, that is, 

( 1 2 3 -56) w R)J ({fa} {0 7 } 7 <= z (^fl)- 

Definition 3.43. Let S := Sh(V , {e}) and let {Fj}j^p with Fj = {fj, a } a 
be a total family of coefficients of multi-asymptotic expansion along x on S. 
Then {Fj} is said to be consistent if it satisfies the following conditions: 

1. For any J and any a, the holomorphic function fj >a satisfies the con¬ 
dition ([3.541) on Sj. 

2. For any pair J C R (J, R £ Vf), we have 

™R,J ({ fj,a }) = ({/fl,a}) ■ 


The following theorem easily follows from Corollary 13.381 and Theorem 

l3~42l 
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Theorem 3.44. Assume f to be multi-asymptotically developable along x 
on S. Then there exists a consistent total family of coefficients of multi- 
asymptotic expansion such that f is multi-asymptotically developable to this 
consistent family. Furthermore, if all the actions pj’s are strict on S with 
respect to the family p\ of level functions, then a total family of coefficients 
to which a holomorphic function on S is multi-asymptotically developable is 
consistent. 


Note that, in the next subsection, we study the case where some pj is not 
strict on S. We also have the following theorem. 


Theorem 3.45. Let S := Sh{V, {e}) and let {Fj}j € ^ with Fj = {/j, a } a 
be a total family of coefficients of multi-asymptotic expansion along x on S. 
Then the following conditions are equivalent: 


1. {Fj} is consistent. 

2. For any multicone S' properly contained in S, there exists a C°°- 

function g(z ) on Xr such that for any J E Vg and a E we 

have 


f J.a — 


d a g 


dz° 


S’r 


(z € Sj). 


Proof. Clearly the claim 2. implies the claim 1. Hence we will show the im¬ 
plication from 1. to 2. For each J E Vg, since Sf is 1-regular by Proposition 
13.111 and since the condition ([3.541) holds on Sj, the family {Fj} defines a 
Whitney jet on Sf (see pjJi] for Malgrange’s definition of a C°°- Whitney jet). 
Note that, by the claim 2. of Lemma 13.101 we have 


S'n(z 1 u---uz e ) = (J {S'rzj)= y Sf 

J&Vt JGVe 

Note also that, for J and J' in Vg, the Whitey jets {Fj} and {Fj/} coin¬ 
cide with {Fjijji} on S'j u j, by the second condition in the definition of a 
consistent family, and hence, they coincide on 


S'j n S'j, = (S' n Zj) n (S' n z, r ) = S' n (z 3 n z r ) = S' JUJ ,. 

Hence it follows from Theorem 5.5 of [12j that we obtain the Whitney jet 
defined on S' n (Z\ U • • • U Zf), which implies the claim 2. □ 
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3.6 Uniqueness of coefficients II 

In the previous subsection, we see that, if the action p is degenerate, then 
uniqueness of coefficients of multi-asymptotics is not necessarily guaranteed. 
Furthermore Lemma 13.411 indicates that the construction of level functions 
PA depends on the order of actions /q, ..., p^, and in particular the last 
action pi is always strict. Hence we can recover the uniqueness of coefficients 
by considering all the possible order of actions as we will see. 

Let 0^ be the set of permutations 6 on {1, 2,... ,£} such that the L-rows 
in A x corresponding to the actions pe{\)^ ..., Pe(L) are linearly independent. 
For 6 E 0^, we construct the family of level functions p® with respect to 
the sequence of actions 

(3.57) n e = {ju e(1) , ..., p 6 (e)} 

as in Subsection 13.31 where we keep the order of actions specified in the 
sequence p e . Then we define a generalized family of level functions p\ = 
(/5a, l, • • •, PA,i) by 

(3.58) PA,j(z) ■= min p%_ Hj) {z) j = 1,2,..., 1. 

By using p\, we can define the multi-asymptotic developability along y 
with level functions p\. That is: We say that / is multi-asymptotically 
developable to F = {Fj} along y on S' with level functions p\ if for any cone 
S' = Sh(V' , {e 7 }) properly contained in S and for any N = (n i,... ,ne) E 
Z> 0 , there exists a constant Cs>,n such that 

| f(z) - App <iV (F; z)\ < C S ',n If P^) nj/aA (* € S'). 

i <j<e 


Clearly, if / is multi-asymptotically developable to F = {Fj} with level 
functions p\, then / is multi-asymptotically developable to F = {Fj} with 
level functions p(( for any 9 E 0 M . Conversely, if / is multi-asymptotically 
developable to F = { Fj } with level functions p e A for some 6 E 0 M , it follows 
from Theorem 13.371 that / is multi-asymptotically developable to F = {Fj} 
with level functions p\. Hence any level functions either p d A or p\ give the 
same asymptotical developability. An advantage of p\ is: 
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Proposition 3.46. Each action fij (1 < j < Ej is strict with respect to p\, 
that is, for any 1 < j < i, 


t)) = 0 (z£ S). 

Proof. Take 1 < io < L. 

First assume that any j- th row (L + 1 < j < Ej is a linear combination 
of z-th rows (1 < i < t, i / *o). Then it is easy to see that A") is 

independent of X", and hence, we have 

pA,i 0 (r) = 

Therefore we get 

P\,io(jMo(z,t)) = y^(p io (z,t)) = t<p£(z) —>■ 0 (t-> 0 + 0), 

which implies that pt Q is strict with respect to p\ in this case. 

Next, assume that some jo-th row (L + 1 < jo < E) is not given by a 
linear combination of i -th rows (1 < i < L,i ^ zq). Then there exists a 
permutation in 0^ which exchanges jo and zo- Hence we can find a permu¬ 
tation 9 £ with 9(E) = zo, that is, the L-rows in A x corresponding to the 
actions pgm , ..., Pe{L) are linearly independent and the last action pop) of 
p e is pi Q . Then, by Lemma (3.411 the pi 0 = pgi(\ is strict with respect to p A . 

From these observations, we see that, for any zo < L , the action pi 0 is 
strict with respect to p\. By the same argument, we can show that pi 0 for 
io > L is also strict with respect to p\. This completes the proof. □ 


By this proposition, we finally established uniqueness of coefficients. 


Theorem 3.47. Let F = {Fj}j ~ with Fj = {/j, Q } (Kj) be a total 

C U. 

family of coefficients of multi-asymptotic expansion along x on S, and let f 
be a holomorphic function on S which is strongly asymptotically developable 
to F along x on S with level functions p\. Then Fj is uniquely determined 
by 


f J, a 

In particular, F = {Fj} Je j$ 


Q a f 


dz c 


(a £ Z 


Zj 

is consistent. 


( Kj K 
>o )■ 
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In what follows, a family of level functions for which every pj (1 < j < £) 
is strict is assumed to be chosen. Note that this assumption is satisfied if 
we choose 


1. the usual p\ when the action p is non-degenerate. 


2. the generalized family p\ of level functions. 

Then we can define the notion of flatness along x f° r a multi-asymptotically 
developable function as in the usual asymptotics. 


Definition 3.48. Let S := Sh(V, {e}) and let f be a holomorphic func¬ 
tion on S. We say that f is flat on S along x if f is multi-asymptotically 
developable on S along x to the total family {0j}j e p • 

Then we immediately obtain the following theorem. 


Theorem 3.49. Let S := Sh(V ' {e}) and let f be a holomorphic function 
on S . Then f is flat on S along x if an d on k! if > for any multicone S' := 
Sh(V',W}) properly contained in S, the holomorphic function f\gi on S' 
extends to the whole space as a C°°-function and this extension satisfies 


(3.59) 


ga f 


dz° 


•S"n (Uj =1 zfl 


= 0 


(«GZ>o). 


One important and interesting fact is that holomorphic functions appear¬ 
ing in a consistent family themselves are also strongly asymptotically devel¬ 
opable, which we will explain from now. 

As was explained in Subsection 11.41 the local model is determined by the 
base space X and the action p on X. Hence, in what follows, we sometimes 
denote by (A, p) the local model associated with X and p. 

Let J € Vp Define J* C {1, 2,... , £} by 


(3.60) J* := {j € {1, 2,... ,£}; Pj\zj is not the identity action on Zj}. 
Note that J* C {1,2,..., i} \ J hold. 

Remark 3.50. If there exists a pair j j' € J* which gives the same 
induced action Pj\zj = Tj'\zj on Zj, we may remove one of either j or j' 
in J*, and we can resolve such a duplication. 
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We denote by fij* the action on X generated by n/s with j € J*, i.e., 

(3.61) A tj * = o Hj, 

and we also denote by xj* the family of closed submanifolds in Zj which 
consists of Zj fl Zj with j E J*. That is, 

(3.62) XJ* = { z j n Zj}j Gj *. 

Now set 

(3-63) Zj := (Zj,/ ij*\zj). 

Then we have Zj = Zj x W^ J * , and the coordinates of Zj and those of the 
zero section S Xjt of Zj are given by 

(z^\ few-) and (#);('"''»)), 

respectively. For p = (z®; (h 1 ), • • •, C^) £ S x , we define the map (7Tj)* : 
s xj* b y 

(z(°);C ( 1 ) ,...,C (m) )^ (^ (0) ; C (C/OU0}) ) • 

Then, for simplicity, we introduce the following assumption for the point p 
under consideration: 

(3.64) 

For any J G P( with J* / 0, (nj)*(p) is outside the fixed points of S Xjt . 

Let F := {Fj} be a total family of coefficients of multi-asymptotic ex¬ 
pansion, and let J G Vc and a € Z>q J \ For any non-empty subset R C J*, 
we define a family Gr := {g R b}„ ( k r \kj) of holomorphic functions on 

kruj,j(Sj) = n Ru j(S) by 

(3.65) g R ,p = faj Jt p +a (p € . 

Hence, for any J € Vt and for any a € Z^ J \ we can obtain, in the space 
Zj, a total family {Gr}^r <z j* of coefficients of multi-asymptotic expansion 
on Sj along xj*j and set 

(3-66) wj ta (F) := {Gr}^ R cJ *. 
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Then, since Sj is a multicone in Zj with respect to the action pj*\zj by 
Proposition 13.111 we can apply Theorem 13.371 to each /j jQ and obtain the 
following theorem. 

Theorem 3.51. Let F := {Fj} be a total family of coefficients of multi- 
asymptotic expansion on S := Sh(V, {e}) along x> an d let p be a point in 
S x satisfying the condition (13.641) . Then the following two conditions are 
equivalent. 

1. F is consistent. 

2. F satisfies the conditions Cl. and C2. below. 

Cl. Fj = Fji holds for J and J' in Ve with Zj = Zji, 

C2. For any J £ Ve with J* / 0 and for any a £ fj, a is, in 

the space Zj, strongly asymptotically developable to wj ta (F) on 
Sj along xj* ■ 

Remark 3.52. The condition 2. of the theorem was adopted as the definition 
of a consistent family in our previous paper m or in Majima’s original 
definition for the case of a normal crossing divisor m As a matter of 
fact, both cases satisfy the condition (13.641) . 

3.7 The classical sheaves of multi-asymptotically developable 
functions 

As we have seen in the previous subsections, the multi-asymptotical devel- 
opability is a local notion with respect to a point in S x . Hence, by a usual 
argument, we can construct the classical sheaves on 5° which reflect this lo¬ 
cal nature. For reader’s convenience, we quickly review their constructions. 

We denote by 5° the set of points in S x outside the fixed points hereafter. 
For p = (z(°b £) £ 5°, we define 

(3.67) S(zW, V, e) := (z^,0,... ,0) + S(V, e), 

for V £ V(() and e > 0. Note that it follows from the construction of F q 
that v of (f,v) € F q can be considered as a real analytic function of |£|^’s 
(k = 1 ,..., m) on 5°. 
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Let W be an open subset in S x and U an open subset in X. Recall 
that F = {Fj} Je ^ t with Fj = {/j,o} QgZ ( K j) i s said to be a total family of 
coefficients along x on U if each /j jQ is a holomorphic function on ttj(U), 
where nj is the canonical projection from X to Zj. 

Let {Sp} p& w be a family of multicones indexed by the points in W, where 
each S p for p = (z(°); £) is S(z^°\ V, e) for some V £ V(() and e > 0. Let 
<S(VL) be the set of such families {S p } p ew- Note that <S(W) becomes filtrant 
by the partial order 


{S p } p eW < {S' p } v eW S p D (p £ W). 

Now we define the presheaves on 5°: 

(3.68) 

f\s p is multi-asymptotically 
/ £ 0x( S p ); developable along x on each S p 


A X (W) : = lim 

{SpheSQV) 

(3.69) 


pew 


A<°(W):= lir^i lfeO x (\J S p ); 


for p € W 

f\s p is flat along x on each S p 


{S P } P e5(M/) 


(3.70) 

A FF (W) := lin^r l 


{S p }„sS(W) 


pew for p £ W 

F is a total family on [^J S p . and'j 
P ew 

F = { Ft}- > . 

1 J ’ F\s p is consistent on each S p 

for p £ W 


Then, by sheafication, we have obtained the sheaves A x , A x ° and A Ff 
on S x associated with the presheaves A x , *4,<° and A FF , respectively. Note 
that we have, for p = (z^; () £ S° 

(3.71) 

f f is multi-asymptotically | 

A x , p :=lu$\f£O x (S(z ( -°\V,e)); 1 


V,e 


developable along x on S(z^°\V,< 


(3.72) 


A x ° p := liryi if £ O x (S(z (0 \V,e)); f is flat along x on S(z (0) , V, e) j , 
~vj 1 J 
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F is a consistent family of coefficients j 
along x on S(z^°\ V. e) J 

where these V and e runs through V(() and e > 0. Hence, in particular, 
these shaves are (M + )^-conic. 

4 The functor of multi-specialization 

In this section we extend the notion of multi-specialization of [6] to our new 
setting. References are made to [7] for the classical theory of specialization 
along a submanifold. 

4.1 A decomposition result on the normal deformation 

Definition 4.1. Denote by Op(A) the category of open subsets of X, and 
let Z be a subset of X. 

(i) We set R+Z = Hj(Z,R+). If U e Op(A), then R+U € Op(A) since 
fij is open for each j = 1, 

(H) Let J = (ji,... ,j k } C {1,.. .,1}. We set 

R+Z = Rt ■ ■ ■ M+ Z = /i h 0 ‘ ‘ /% (Z, ^ + ), • • •, M + ). 

We set (R+) e Z = R^ = ^(Z,(M+) £ ). If U £ Op(X), then M.jU € 
Op(A) since fij is open for each j € {1,... ,£}. 

(Hi) We say that Z is ( R+Y-conic (£-conic for short) if Z = ( R + YZ. In 
other words, Z is invariant by the action of fij, j = 1,... ,£. 

Definition 4.2. (i) We say that a subset Z of X is Mj "-connected ifZnRlx 
is connected for each x £ Z. 

(ii) We say that a subset Z of X is (R+Y-connected if there exists a 

permutation cr : {1, {1,... ,£} such that 

Z is R+yy connected, 

R+^Z is Ry 2 y connected, 

K + /,, ■ ■ ■ is M + m -connected. 

< t ( 1 ) a(l— 1 ) a [l] 


(3.73) := lim ■ 

~vf 


F = {T/}; 
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The proof of the following is almost the same as that of Proposition 4.1.3 
of j7], and we shall not repeat it. 

Proposition 4.3. Let V be an (W + Y-conic open subset of the zero section 
S x . 

(i) Let W be an open neighborhood of V in X, and let U = p(W n fi). 
Then V n C x (X \ U) = 0. 

(ii) Let U be an open subset of X such that V n C x (X \ U) = 0. Then 
p~ l (U) UP is an open neighborhood of V in fl. 

Set, for j = 1,..., £, 

S x ,j := {(x(°),e {1) , • • • e (i) = 0} C 5 X 

and 7 Tj : S x —>• S x j be the canonical projection. Let V be an (M + )^-conic 
subanalytic subset of S x . We introduce the following conditions Va. and 
Vb. of V for each j. 

Va. V does not intersect S x j. 

vb. TTjiv) c 7Tj(vns XJ ). 

Then we have the following proposition whose proof will be given in Ap¬ 
pendix |X]3j 

Proposition 4.4. Let V be an (M. + Y-conic subanalytic subset of S x which 
satisfies the condition either Va. or Vb. for each j. Assume that X = M n 
with coordinates (x^°\ x^\..., defined by %. Then any subanalytic 

neighborhood W of V in X contains W open and subanalytic in X such 
that: 

{ (i) W n 17 is (R + Y-connected, 

(ii) Mj" • • (~l ft) = p^ 1 (p(W D fi)) is subanalytic in X. 

Let Z C S x be closed conic and subanalytic. We have the following 
corollary. 
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Corollary 4.5. Let V be an {W + Y-conic open subanalytic subset of Z. Then 
there exists a locally finite family {V^} a of (M + )^ -conic open subanalytic 
subsets in Z which satisfies the following conditions. 

1. V = Vand each satisfies the condition either Va. or Vb. for 
each j. 

2. For any subanalytic open neighborhood W of V in X, there exists a 

subanalytic open neighborhood C W of V ^ for which of 

Proposition \4-4\ holds. Furthermore {p(W^ n fi)} a is a locally finite 
family of subanalytic open subsets of X. 

4.2 Multi-specialization 

Let k be a field and denote by Mod (kx sa ) ( r esp. D b (h x 3a )) the category 
(resp. bounded derived category) of sheaves on the subanalytic site X sa . For 
the theory of sheaves on subanalytic sites we refer to 01. For classical 
sheaf theory we refer to [7j. For an exposition on (M + ) f -conic sheaves see 
the appendix. 

Definition 4.6. The multi-specialization along x is the functor 

D b (k Xsa ) D b (k Sxsa ), F i y s~ 1 RTq x p~ 1 F. 

It follows from the dehnition (see also the proof of Theorem 6.3 (i) of [6j) 
that u^F is conic, i.e., it belongs to D b R+ y(ks X3a )■ The following result can 
be obtained adapting the proof of Lemma 6.1 of [6j. 

Lemma 4.7. Let F € D b {kx sa )• There is a natural isomorphism 

s-'RTnp^F ~ sfp-'F)^ 

Thanks to Proposition 14.41 we can give a description of the sections of the 
multi-specialization of F € F) b (kx 3a )- 

Theorem 4.8. Let V be a conic subanalytic open subset of S x satisfying 
either condition Va. or Vb. for each j. Then: 

H j {V ; v s x a F) ~ F), 

u 
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where U ranges through the family of open subanalytic subsets of X such 
that C x {X \ U) n V = 0. 

Proof. Let U E Op(X so ) such that V fl C x (X \ U) = 0. We have the chain 
of morphisms 

RT(U-F ) -»• RT{p~ l (U)]p- l F) 

RT{p- 1 {U)^Pl-p~ 1 F) 

-)• h , r(p- 1 (t/)uy;/ I , rn^ 1 F) 

-)• KT(V]V^F) 

where the third arrow exists since p~ l (U) U V is a neighborhood of V in Cl 
by Proposition 14.31 (ii). 

Let us show that it is an isomorphism. We have 

H k (V: v s «F) ~ lwpir k (W;Rr {i p- 1 F) 

w 

~ \u^H k {w rn vp - x F), 

w 

where W ranges through the family of subanalytic open neighborhoods of 
V in X. By Proposition 14.41 we may assume that W satisfies (14.11) . Since 
p~ l F is (M + /-conic, we have 

H k {w nn-p^F) ~ H k (p~ 1 (p(w n n))-,p^F) 

- H k {p(wnn) X {(l^p-'F) 

~ H k (p(wnn)-,F), 

where (1/ = (1,..., 1) E The second isomorphism follows since every 
subanalytic neighborhood of p(W nfi) x {(1/} contains an (M + /-connected 
subanalytic neighborhood (the proof is similar to that of Proposition 14.4p . 
By Proposition 14.31 (i) we have that p(W D Cl) ranges through the family 
of subanalytic open subsets U of X such that V P\ C x (X \ U) = 0 and we 
obtain the result. □ 

Remember that a sheaf F E Mod(kx sa ) is said to be quasi-injective if 
the restriction morphism T(U]F) —>• r(P;i ? ) is surjective for each U, V E 
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Op c (X sa ) with U A V. Since quasi-injective sheaves are T(C7; -)-acyclic for 
each U E Op(X sa ) we get the following result. 

Corollary 4.9. Let F E Mod(fcx sa ) be quasi-injective. Then F is z/£“- 
acyclic. 

Proof. It is enough to prove that H k (V',v^F) = 0, fc / 0, on a basis for 
the topology of S xsa . Being u^fiF conic, we may assume that V is conic as 
well. By Corollary 14.51 we may assume that V satisfies the condition either 
Va. or Vb. for each j. Thanks to Theorem 14.81 it is enough to show that 
H k (JJ;F) = 0, k 0 when U E Op(X sa ). Since quasi-injective sheaves are 
T([7; -)-acyclic for each U E Op(X sa ) we get the result. □ 

Let p = (x^ 0 ); ..., £^) E S x , let n : S x —>• Hy=i M? be the projection. 

Namely, 7r(x(°); £W,..., £^) = (x^°\ 0^,..., 0^). Let B e be an open ball 
of radius e > 0 with its center at n(p) and set 

Con e x (p, e) := {P n B e] V € C(£, F q )}. 

Applying the functor p^ 1 : D b {ks xsa ) —>• D b {ks x ) (see [13] for details) and 
Theorem 14.81 (see also Corollary 6.5 of El) we can calculate the fibers at 
p E S x which are given by 

(4.2) {Wp-^F^ ~ F ), 

w 

where W ranges through the family Cone x (p, e) for e > 0. 

From Proposition 12.451 we can deduce a condition for the restriction of 
multi-specialization. Set xa = {Mi \B = XA U {M^ + i}. We 
follow the notations of Section [2j We assume that the first i (resp. £ + 1) 
columns of the matrix A (resp. B) are linearly independent. We omit the 
coordinate x® to lighten notations. Given £ = (£(*■), ... ,^ m ') € M n we will 
call pa E Sa, the point pa = (£^, •..,£^ m ); 0. .. ,0) € M n+ ^ and ps E Sb, 
the point pb = (£^, ■ ■ ■ 0... ,0) E W l+l+1 . 

Corollary 4.10. Let F E D b (kx 3a )- Let K C {1,... ,m}. Suppose that on 
Sk = {£^ = 0, k E K} conditions (12.5811 are satisfied. Then we have 

K a F)\ Sk c (u£F)\ S k . 
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4.3 Operations 

Let X and Y be real analytic manifolds and let x M = {Mj}j =u X N = 
{Nj}j =1 be families of smooth closed submanifolds of X and Y respectively. 
Let / : X —>• Y be a morphism of real analytic manifolds such that f(Mj) C 
Nj, j = 

Remark 4.11. In order to study more general situations, we will assume 
X = Y = M n and consider the local model. Even if we work locally, the 
theory below completely covers the manifold case. 

Remark 4.12. Let a a be a positive rational number so that ap. € Z and all 
the ajk have no common divisors. Let y UA A x be the action on X associated 
with the matrix <jaA x . Since multicones associated with the action // and 
those with the action y aA A x determine equivalent families, we may assume 
from the beginning that all the entries of A x are non-negative integers and 
a A = 1 . 

We want to extend / to a morphism f : X Y. This is done by 
repeatedly employing the usual construction of a morphism between normal 
deformations, i.e. we extend / to f\ : Xm 1 , then we extend f\ to 

/i ,2 : Xmx,Mi ^jVi,jV 2 - Then we can define recursively f : X Y by 
extending the morphism : Xm 1 ,...,m ( _ 1 —>• Yn 1 ,...,n 1 _ 1 to the normal 

deformations with respect to Mi and Ni respectively. We also denote by 
S M (resp. S N ) the zero section of X (resp. Y). In this general case we have 
to put some conditions to assure that / is well defined on the zero section. 
In a local coordinate system set 

T — ( T ( 0 ) ( 1 ) T {m x )\ 

y = 

f( X ) = U (0) (x),f {1] (x),...J (mY \x)). 

Hereafter we omit the coordinates blocks x^ and y^ for simplicity. Outside 
{t\t 2 .. .tg = 0} in X, the morphism / : X -A Y 

(xi, . . • , X n , ti, . . . , tg) > (j/l , • • • , J/mi tli ■ ■ ■ j tg) 
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is explicitly written in the form 

f <Pk = / (fc) (^f W^ (1) , ■ ■ ■ ,<Pm x (t)v (mx) ) (k = 1,... ,m Y ), 

1 tj=tj (j = l,...,£), 

which naturally extends to the whole X if the limit 

hm- Tj— - 

<pf (t) 

exists for each k = 1,... , my. In order to understand the restriction of / to 
the whole X , we set 


i = u i«, m, = n m„ 

jeJ? jeJ» 

where Jf denotes the set {j € {1,..., £}, if C if}- By expanding f^ k \x) 

q 2 j(k) 


k —----u ^ l~J ' ' ' > “J i ~lt 

along the submanifold Mj, we obtain 


^ - E S 

i&i 


,W 


+ 5 E 


Mi 


2 ^ dx^Hdx^A 

U,*2S/ 


x (n)xM -f ... 


Mi 


as fk\Mi = 0 holds. Then we get, on t\ ... ^ 0, 


Vk = 


E 

iei 


a/( fc ) 




i?(t) m i v a 2 /<*> 


dx^ 1 ) dx( i2 ) 


Mj 


Mj ' K K ' 

Note that the limit for t —f 0 exists under the condition 
8f( k ) 




(4.3) 


dx^A • • • (®p) 


= 0 if^t<---^; 


Mj 


Remark 4.13. If there exists j € such that {*i ,..., z p } n if = 0, as 
/( fc )|M, = 0, we /iave 




= 0. 


Mj 


9x(h) • • • (9x(h>) 

If the matrix A is associated with x, i.e., its entries are either 0 or 1, 

7^V r„- „■ 1 n tM 


Vk t Vf ■■■vf => 3 j € Jf such that {*i,..., t p } n If = 


Then (14.31) always holds. 
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Suppose that tp% \ <pg • ■ ■ <pjf. 

(i) If there exists j € J j? such that {*i,..., i p } n lj j = 0, we have 


df( k ) 

dxfa) ■ ■ ■ dx^pl 


= 0. 


Mj 


(h) If a* 


< aW + ■ 

jn ' 


-(- CX 


M 

jip’ 


for some j € { 1 ,..., £}, we have 


lim 

t-> o 


V%{t) 






-> 0. 


(hi) 


If og = < + 


• + ajf p , for all j G {1 ,...,£}, we have 


lim 

t-> o 


<(*) 






-> 1. 


By the above observations, assuming ()4.3I) . in order to compute the restric¬ 
tion to the zero section we are interested in sequences P = {h, ■ ■ ■ ,i$p} 
(i p € { 1 ,... , mx} (p = 1,. .., tt-P)) of indices of finite length, such that 

tt P 

( 4 - 4 ) Q ifc = ]C j = 1, • • ■,P 

P=1 


Let us consider the family J 7 *, of sequences P of indices of finite length 
satisfying gap. The morphism / is described by, on C X, 


Uk 


E 

P6.F fc 


1 


f(k) 


ttP! <9x(b) • • • 


hu) ... x (*#-p) (fc = 1,..., my). 


M 


Here M := M\ n • • • n M(. 


Remark 4.14. The order is important in Pi- as it is the set of sequences. 
For example, (1, 2} ^ {2,1}. 

Remark 4.15. When mx = £, he. x M °f normal type, the family J~k 
consists of at most one element. This follows from the invertibility of the 
matrix associated to \ M ■ 
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Example 4.16. Let X = Y = M 3 , Mi = {xi = x 2 = 0}, M 2 = {X 2 = 
x 3 = 0}, Ni = 0, N 2 = {x 2 = x 3 = 0}, f(xi,x 2 ,x 3 ) = (xi,xix 3 +x 2 ,x 1 x 3 ). 
Then 


Ti = *1, V2 1 = *1*2, = *2, 

Tl = * 1 , L>2 = * 1 * 2 , V 3 = * 1 * 2 - 


Condition (lOll is satisfied and we have 
dfi 


y 1 = 

y-i = 


2/3 = X 


<9:c 1 

dh_ 

8 x 2 
1 d 2 f 3 


x\ = xi, 


, 1 d 2 f 2 

X2 + - 


2 9xi3x3 


,1 d 2 f 2 

x\x 3 + - 


2 dx 3 0x 1 


X3X1 = X 2 + X1X3, 


2 9xi9x3 


, 1 d 2 f 2 

xix 3 + - 


X 3 Xl = XlX 3 . 


q 2 <9x3<9xi 

Note that, as stressed in Remark \4-141 the order of the elements P in P-> 
and P 3 is important. 


Example 4.17. Let X = Y = M 2 ; Mi = {x\ = 0}, M 2 

n 1 = n 2 = { 0 }, 


A\ M — 


1 

0 




f(xi,x 2 ) 


(x 3 x 2 ,xfx 2 ). Then 

(pf I = t 1 , ipf = t 2 , 
Ti =tlt 2 , = t\t 2 . 


{x 2 = 0}, 


Condition (O is satisfied and we have 


1 , <9 4 /i 

4! dx\dx2 


1 


2/2 = 


• 3 


d 3 f 


1 


3! dx?dx 2 


xfx2 = xfx 2 , 


xfx 2 = x\x 2 . 


Note that we multiplied the first (resp. second) line by 4 (resp. 3) taking in 
account the order of the elements P in T\ (resp. 
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Suppose that / satisfies (|4.3D and f{Mf) C A), i = !,...,£. We call T x f 
the induced map on the zero section. Let J = {j \,..., jk} be a non-empty 
subset in {1,... ,£} and set Xj 1 = {Mji, ■ ■ ■, The map T Xj f denotes 

the restriction of / to { t Jk , = 0, jk E J}. In the following we will denote 
with the same symbol C x m(Z) the normal cone with respect to x A f and its 
inverse image via the map X —>• Iv m ■ 

Proposition 4.18. Let F E D b {kx sa )- 

(i) There exists a commutative diagram of canonical morphisms 

R(T x f)uv™ M F -» n^RfnF 

R(T x f)*v™ M F 4- v s x %Rf*F. 

(ii) Moreover if f is proper over supp-F and T XJ f is proper over C x m (suppF) 
for each (non-empty) J = [j i,... ,jk}, and i/suppFD f~ 1 (Nj) C Mj, 

j E {1,... , £}, then the above morphisms are isomorphisms. 

Proof, (i) The existence of the arrows is done as in [7J Proposition 4.2.4. 

(ii) If / is proper over p -1 (suppF), then all the morphisms are isomor¬ 
phisms. We have to prove that for a closed subset Z of X , the restriction 
of / to p -1 (Z) is proper, if Z —>• Y and C x m(Z) -» Y for k < l are proper, 
and if Z n f~ 1 (Nj ) C Mj, j € {1,... ,£}. We argue by induction on 
If (Jx M = 0 the proof is trivial. Suppose it is true for jx. M < £ — 1. It 
follows from the hypothesis that the fibers of / restricted to p -1 (Z) are 
compact (if tj 1 = ■ ■ ■ = tj k = 0, this is a consequence of the fact that 
C x m(Z) —> Y is proper). Then it remains to prove that it is a closed 
map. Let {tinjneN be a sequence in p~ 1 (Z) and suppose that {f{u n )} ne n 
converges. We shall find a convergent subsequence of {u n } ne pj. We may 
also assume that {p(wn)}nGN converges as / is proper over Z. The map 
p~ 1 (Z) \ {fi = ■ ■ • = ti = 0} —> Y \ {ti = ■ ■ ■ = tt = 0} is proper. Indeed, let 
K be a compact subset of T\{ti = ■ ■ ■ = t( = 0}, and reduce to the case that 
K is contained in {c < tj < d} C Y, c, d > 0, for some j E {!,...,£}. Sup¬ 
pose without loss of generality that j = 1. Then K\ := px 1 (K) is a compact 
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subset of Yn 2 ...n v Let us identify K\ withp^(A"i)n{fi = 1}. Then /“ ] (K\ ) 
is compact by the induction hypothesis. Hence f~ 1 (K) C [c, d ]) 

is compact since it is closed and contained in a compact subset. We may 
assume that {/(tt n )}neN converges to a point of {ti = ■ ■ ■ = tg = 0}. Then 
{p(^n)}neN converges to a point of Z n / _1 (IVi n • • • D Ng) C M\ n • • • D M^. 

Taking local coordinates systems of X and Y, let 

Hn = (®n • i ^1 ni ■ ■ ■ itin)i tjn ^ 0j j = 1> • • • i£- 

Then tj n —>0,j = l,...,£ and ipf 4 (t, n )xn' > —>• 0, * = 1,..., m. It is enough 
to show that {|a;n |}neN is bounded for each i = 1 We argue by 

contradiction. Up to make a permutation of {1,... . m }, we may suppose 
without loss of generality that \x n \ —>• +oo for 0 < i < mo < m. 

Suppose we can find a non infinitesimal bounded sequence {u n }ngN £ 
p~ 1 (Z) such that {/(u n )}neN converges to 0. Up to extract a subsequence we 
may assume that {w n }n€N converges to a non zero vector v. Then f{w) = 0 
for each w E (M + )^u which contradicts the fact that the fibers of p~ 1 (Z) —>• Y 
are compact. 


Suppose that there exist sequences {cj- n } ne N, j = 1,... ,£, satisfying the 
following properties: 


(i) c jn ->• +oo, j = !,...,£, 

I 

oi) 

3=1 

(iii) tj n Cj n ^ 0, j — 


Let us construct the sequence {w n }nsN) u n = {xn\ ..., Xn n \t \ n ,..., t£ n ) as 
follows: 


xY) = 


(i) 


n l cx 

3=1 C 3 n 


tin — ti n.Cd n* 
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By (i) x$ is bounded if Xn' 1 is bounded, i = 1 by (ii) x„ n °^ is 

bounded non infinitesimal and by (iii) tj n —>• 0, j = 1,...,£. Moreover 
(fif 1 (t n )xn^ = ipf*(t n )xh\ i = 1,... ,m. Applying this process (at most) mo 
times we may find a non infinitesimal bounded sequence {rtnjneN € P~ 1 (Z), 
U n = (r?,..., xi m) , tin, ■ ■ ■, ten ) such that 

fkjPl 1 (t n )Xn\ • • • , fe)^» n) ) _ fkiVl 1 {tn)Xn\ ■ ■ • , {t n )x^) Q 

Pk ftn) Fk ( tn)d n 


This is because {/(u n )} nG N converges and, by construction of t n , 


d n ■— 


<Pk (*n) 

<Pk (*n) 


—>• +oo. 


So we are reduced to find sequences {cj n } ng N, j = 1,...,£ satisfying 
(i)-(iii), given u n = (x£\ ... ,x^ l \t ln ,... ,t in ), t jn > 0, j = 1,.. .,£ with 
tjn -> 0 (j = 1,... ^{tnjx'n ->• 0 (i = 1,..., m) and \xn M)) \ -T Too for 
1 T mo < m. Assume without loss of generality that mo = 1. There exists 
jo G such that 


II tjn l4 1} I -T 0, JJ t^ j \x^ I -T Too. 

j<70 3 <30 

Let us construct the required sequence as follows: 

1 

Cjn — J T Jo 5 

1 3 

f ai i | T (1) \ 2j 0 -m-l 
u jn I I c n 

o 

€ 77 , j ^ jo • 



tjn^-n 


^Jo n 


n 

07 <1 


Here {e n } ng N is a sequence, e n —>• Too slowly enough to satisfy Cj n —>• Too 
if J < jo and tj n Cj n —» 0 if j > jo- One checks easily that (i)-(iii) are 
satisfied. □ 


Proposition 4.19. Let F £ D b (kY sa )- 
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(i) There exists a commutative diagram of canonical morphisms 


u Sx /S Y ® ( T x f)~ l v™ N F - > v$*{u Sx/Sy ® r'F) 

T x f'v™ N F i - 

(ii) The above morphisms are isomorphisms on the open set where T x f is 
smooth. 

Proof, (i) The existence of the arrows is done as in [7j Proposition 4.2.5. 
When (ii) is satisfied the function / is smooth at any point of the zero 
section and all the above morphisms become isomorphisms. □ 

4.4 Multi-specialization and asymptotic expansions 

We give a functorial construction of the sheaf of multi-asymptotically de¬ 
velopable functions using the sheaf of Whitney C°°-functions of [9]. Let X 
be a real analytic manifold (A" = M n in the local model). As usual, given 
F E D b ( C.y) we set D'F = RTLom(F,Cx)- Remember that an open subset 
U of X is locally cohomologically trivial (l.c.t. for short) if D'Cu — C jj. Let 

W 

<8> denote the Whitney tensor product of [8j. 

Definition 4.20. Let F E ModR_ c (Cx) and let U E Op(A sa ). We define 
the presheaf ^ as follows: 

U T(A; H°D C v © F © C%). 

Let U, V E Op(A sa ), and consider the exact sequence 
0 — y Cjjcv —t Cjj © Cy — y C[/uy — y 0, 
applying the functor Tlom(-, Cx) = H°D'(■) we obtain 

0 -> H°D'C UUV -> H°D'Cu 0 H°D' Cy -> H°D'C UnV , 

W 

applying the exact functors -©.F, and taking global sections we obtain 

o C^(U Ub)4 C^(U) © C~£(V) -+ C^(U n v). 
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This implies that C“,’^ is a sheaf on X sa . Moreover if U € Op(X sa ) is l.c.t., 
the morphism r(X;C^,’^) —> F(U-,C x ?p) is surjective and RT(U;C^p) is 
concentrated in degree zero. Let 0 F ^ G ^ H 0 be an exact 
sequence in ModiR_ c (Cx), we obtain an exact sequence in Mod(C.\' sa ) 

(A r\ n /lOO,W /lOO,W n QO ,w n 

( 4- 5) 0 -> C X[F C xjc C X|H -> 0. 

We can easily extend the sheaf C™,p to the case of F G D^_ c (Cx), taking 
a finite resolution of F consisting of locally finite sums ©Cy with V l.c.t. in 
Op c (A sa ). In fact, the sheaves Cx\$)Cv form a complex quasi-isomorphic to 
C x ,’p consisting of acyclic objects with respect to F(U;-), where U is l.c.t. 
in Op c (A sa ). 

As in the case of Whitney C°°-functions one can prove that, if G € 
c (Cx) one has 


p~ l RHom(G,Cp^ x ) ~D'G®F®C%. 

Example 4.21. Setting F = C_y we obtain the sheaf of Whitney C°°- 
functions. Indeed, let U be a l.c.t. subanalytic open subset of X. Then 

W 

r(t/;C^ w ) ~ T( X] C jj <8> ) is nothing but the set of C°°-Whitney jets 

on U. Let Z be a closed subanalytic subset of X. Similarly one checks that 
^x\c x \ Z s ^ ea f °f Whitney C°°-functions vanishing on Z with all their 

derivatives. 


Notation 4.22. Let S be a locally closed subanalytic subset of X. We set 

r i i siOO.W i 7 r /- 700 .W 

for short L x ^ s instead of . 

Let x = {Mi,... ,M(} be a family of closed analytic submanifolds of 
X, set \J k M = ULi M k and consider X. Set F = Cx\(j m> G = Cx, 
H = <C\j k M in (14.51) . The exact sequence 


z^OO,W 

L x\x\\j k M 


slOO,W 

L X 


c 


oo,w 

X|U & M 


induces an exact sequence 


(4.6) 


0 —5- n~ l u sa C°°’ w 
u ^ P V X -YlJfVUi, M 


— l sap(x>,w 


P~X a C 


x 


1 s V °o, w 
p X U X\{J k M 


0, 
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where the surjective arrow is the map which associates to a function its 
asymptotic expansion. In fact, let V be a l.c.t. conic subanalytic subset of 
the zero section of X and U G Op(X sa ) such that C x (X \ U) n V = 0, then 
we can find a l.c.t. U' C U satisfying the same property. 

Let X be a complex manifold {X = C n in the local model) and let Xp 
denote the underlying real analytic manifold of X. Let x = {%i > ■ ■ ■ ■ 
be a family of complex submanifolds of X and set [j k Z = Ul=i %k- Let 
F G D^_ c (Cx)- We denote by 0\^ F the sheaf defined as follows: 

®X\F := R^ om P\V 1 f{P\£ > JciC'x^\F)- 

Let 0—»0bean exact sequence in ModR_ c (C.v)- Then the 
exact sequence (14.51) gives rise to the distinguished triangle 

(4.7) Ox\ F ->• ®x\ G @x\H ■ 

Setting F = Cx\y k zi G = Cx, H = Cjj k z in (I4.7|) and applying the 
functor of specialization, we have the distinguished triangle 

(4.8) p lu x°'x\ X \Gk z P lv x°x P 1 "x°x\{J k z • 

Let U be an open l.c.t. subanalytic subset in X. Then iL°(C/;OJ) ~ 
(X-,Cjj<g> Ox) consists of C°°- Whitney jets on U that satisfy the Cauchy- 
Riemann system. Therefore, if a proper cone S := S(V,e) is subanalytic, 
in view of Theorem 13.371 the set of holomorphic functions on S that are 
multi-asymptotically developable along \ is equal to 

lim H° (X ; C^- <8> Ox) 

& 

where S' runs through the family of open subanalytic proper cones S(V r , e') 
properly contained in S. 

Let us consider the multi-specialization of Whitney holomorphic func¬ 
tions. Let W be an (M + )^-conic subanalytic open subset in S x . Remember 
that (M + ) £ -conic open subset V' in S x is said to be compactly generated in 
W if there exists a compact subset K in W with V' C (M + ) f AL 
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We have 


H\W ]P ~ l v s x a O\) = ^imlm iH°(U'-,0%), 

V’ U’ 

where V ranges through the family of (M + )^-conic subanalytic open subsets 
in S x which are compactly generated in W, U' ranges through the family of 
Op(X sa ) such that C x (X \ U') fl V = 0. One can check easily that, given 
p = (0; C) € S x , then 

(p-'HOv^OZ), ~ u™OJ) 

u 

c lm 

V,e 

~ luxiH 0 ( X ; ® Ox ), 

V,e 

where U ranges through the (R + )^-conic neighborhoods of p, V through the 
family V(£) and e > 0. The last isomorphism follows from Corollary 13.91 
Hence we can construct functorially the sheaf p~ 1 H Q v^ l O\ and its stalk 
can be described by multi-asymptotics. 

Similarly we have 

(p 1 H°v x a Ox\ x \{j k z)p — lh^H°(X;C 5 ^^yu fcZ <g> Ox), 

V,e 

where V through the family V(£) and e > 0. Hence we can construct 
functorially the sheaf p~ l H 0 v^O ^ z and its stalk can be described by 
flat multi-asymptotics by Theorem 13.491 

Finally, thanks to Theorem 13.451 one can check 

V,e 

where V through the family V(£) and e > 0. Hence we can construct 
functorially the sheaf p~ 1 H 0 v^ a O '^y z and its stalk can be described by 
consistent families of coefficients. 
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4.5 Vanishing theorems and Borel-Ritt exact sequence 

In this subsection, we establish several vanishing theorems related to multi¬ 
specializations of the sheaves of Whitney holomorphic functions. As an 
application we obtain a Borel-Ritt exact sequence for multi-asymptotics. 
We continue to consider the problems in the complex domain. 

With the notations of Subsection 12.31 let X = C” with coordinates 2 = 
( 21 ,..., z n )- We consider the family F g , q = ff (Jz(£) fl {1,2,..., L }) > 0, 
whose elements are couples (/, v) with / non-zero rational monomial and 
v G M>o- 

In F q there is a multiplication * limited to the pairs (/, v) and (g, w) such 
that Vk(f) > 0 and Vk{g) < 0 for some k G {1,...,L}. It is defined by 
(f,g) * (g,w) = ( f a g b ,v a w b ), where the natural numbers a and b are taken 
to be prime to each other and such that a\vk(f)\ = b\vk(d)\- 

Let K be the set of monomials generated by the operation * in F q . If 
(/, v) G K, then / = FI /“% v = II v i 8 with a,i natural numbers and Vj) G 
F q . Remark that there are finitely many monomials belonging to K. Given 
(/, v ) G I\, let 

K,={(fi.v,) € fi, (/,»)= (nr.n <, “)} • 

Lemma 4.23. The closure of 

H {v-e<f(\z\)<v + e} 

(. f,v)£F 9 

is 

n |«i 2 i) n k - <o°‘ < u \ a ) < u \ a ) n 

(f,v)£K { ( fi,Vi)€K f (fi,Vi)eK f 

where f n , fd monomials. 

Proof. In what follows we write for short / G F q if (f,v) G F q and i G Kf 
if (fi,Vi) G Kf. It is enough to prove that the second one is contained in 
the closure of the first one. Indeed one can find from 

v-e < f(\z\) < v + e f = €. F q 

fd 
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that 


fd( M) Yl ( Vi~e) ai < f n {\z \) < f d (\z\) JJ ( Vi+e) ai f = j- € F f/ , q' > q. 

ieKf ieKf '' d 

It is enough to prove that, given pj > 0, j = 1,..., m, with 

(4.9) 

fd(p) n {Vi - e) ai < fn(p) < f d (p ) (v t + e) ai f = Y e Fq', q > q, 

i&Kf ieKf ■' d 

(p = (pi,... , Pm)) then for each n € N there exist I dA < —, j = 1,..., m, 

n 

such that 

(4.10) 

fd(\p-d\) n ( Vi-e) ai < fn(\p-d \) < fd{\p-d\) JJ (Vi+e) ai f = j- € Fg>, q' > q. 
ieK f ieKf * d 

Here |p — d\ means (|pt — di\)i. We may assume 0 < e < 1. Suppose that 

Pi ^ 0 for i = 1,..., m. We may assume that di is such that \pi — di\ = e Si pi. 

If di is small enough, then \dA < Let e s = (e Sl ,... ,e Sm ). We have 

n 

fn(\p - d|) = fn(p)fn(e s ), f d (\p - d\) = f d (p)fd(e S ). 

By ()4.9I) we have 

fd{p) JJ (vi - e) ai < f n (p) < f d (p) JJ (vi + e) a L 
ieKf 

Suppose that 

fd(p) IJ (vi - e) ai < f n (p) 
ieKf 

(when the equality holds it means V; L ^ 0, in that case we consider the 
inequality 

1 1 

fdip ) II ieK f ( v i + e ) ai < fnijp) 

and the proof is similar). We are reduced to prove that for each n € N there 

exists 0 < 5 < — such that 
n 

fn(e 5 ) < fd(e 5 ) f = fy-€Fq,, q’ > q. 

Id 
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Remark that if 5 is small enough (and hence e 5 is close enough to 1) then 


fd(p)fd{e 5 ) JJ (vi - e) ai < f n (p)fn(e 5 )- 

idKf 

Setting 

fn= n f*= n 

i£ K fn feKfd 

and taking log e we are reduced to prove that for each n € N there exists 

0 < 5 < — such that 
n 

y, diSi > y arfi f = Y € F q/i q > q. 
i&I< fn i&K fd Jd 

We argue by induction on the number of variables m. If m = 1 the result is 
easy to prove. We suppose that we proved it for m' < m — 1. Hence we are 
reduced to solve systems 

^ ^ Cli^i A 'y ^ Clift i 

< i ^ K fn ^ K f d 

y ^ > y ^ <it a 

JeKgn i&K 9d 

with the exponents a* > 0. We may assume that there exists io € Kf n r\K gd 
(if not the system has always solutions). Arguing by induction again, we 
may assume that zq = m. 



*eA7 n \{m} 

y a ^ > y 


t. y ^ diSi 

i£Kf d 

diSi dfid rn 


\i&K gn i£Kg d \{™} 


So, up to normalize the coefficient of S m we may reduce to 

'fW) + 6 m >f’ d (6') 

/ n ( s ')> a' d {ft') + K 

where 5' = (ft 1 , • • •, ft m -i)- This system has solutions if 


ay) - 9 y) > Sm> f' d (8') - &{6'). 
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So we can find a solution S m if (f n + g' n ){5') > (f' d + g' d ){S') which follows 

tf 9 

from the induction hypothesis. Indeed, by definition, fg = — - € F q , for 


some q' > q. Such a solution belongs to the interval 


fdPd 


(. f' n + g' n m>5 m >{f' d + g' d ){5'). 

Again by induction we may assume that S' is small enough to imply 0 < 

5 m < — and the result follows. 
n 


Let us consider the case when some p % is zero. Up to take a permutation 
of {1,... , m} we may assume that p m = 0. In this case we assume that 
|pi — di\ = e Si , with 0 < e < 1. We argue by induction again. We have to 
prove that for each N > 0 there exists S m > N such that 

fd(e S ) n («i - <0“ < fn(e S ) < fd(e 5 ) n ( Vi + e)“L 
ieKf ieif/ 

with Si, i = 1,..., m — 1 is such that I pi — e Si \ < —. Taking log, as in the 

n 

previous case we are reduced to solve systems 

Qf + ^2 d%fti ^ ^ ^ + m > < 3 / + ai< ^ 

< i&K fd *eA7 n \{m} i€K fd 

Qg + S &iSi T Cl d 5m ^ ^ &iSi Qg T ^ ' &iSi d" CL d S m 

„ *eAT 9d \{m.} i&K gn i£Kg d \{m} 

where 


Qf = ^ log ^ + e ) a 3 < 3 / = J2 lo Se(vi ~ e) ai , 

ieK f 

Q~g = ^2 l Og e (Vi + e) ai , Q~g — 22 lo Se( v i “ e )“% 

i€K g 

with the convention log e (uj — e) = +oo if Vi = 0. So we may reduce to 
systems of this kind 


fn(S') + S m > a' f + f d (5') 

9n(S') > a ' g + 9d(S') + s m 
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where S' = (<5i,.. ., This system has solutions if (f' n + g' n )(S') > 

a'j + a' g + (f' d + g d ){S r ) which follows from the induction hypothesis and a 
solution belongs to the interval 

(fn + 9n)($’) > dm > d'f + a ' g + ( f'd + 9d)($')- 

Again by induction we may assume that S' is big enough to imply M < g' n (S') 
and the result follows. Indeed there must be i € K gn such that pt = 0 and 
hence we may assume that Si is big enough for such an i. 

□ 


As a consequence of Lemma 14.231 we get a description of the closure of 
the open sets S(V, e). 

Proposition 4.24. Let p = (0, C) = (0, C (1) , ■ ■ ■, D € S x . Then for e > 0 
and V £ L(() the closure of 


S(V, e) = lz£X- 


is 


S(V,e)= H {zGX; 

{f,v)eK 

/, 


z £V, 1 2 (0) I < e, v - e < f (| |) < v + 

for any (/, v) € F q . 

zeV, |z (0) | < e, 


(v ~ e f )fd < fn (|z W |) < (v + e f )f d (V* } 


Here f = -j- = JJ /“* (f n , f d monomials) and v±e f = Y\{vi±e) ai , 


K f C F q . 


€ 


Corollary 4.25. Let p = (0, C) = (0, ..., ( m ) £ S x . A cofinal family 

for 


{5(1/, e), e > 0, V £ P(C)} 


is given by the sets 


f| Lev; 


zeV, |z (0) | < 


(Me k 


(v - e)f d ( L W |) < fn ( L w |) < (v + e)f d (\z 


,(*) 


v(*) 


fn 


where f = —, (f,v) = (U fi^U^)’ (fi,Vi) € K f, e > 0 and V £ V((). 
fd 
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Remark 4.26. In general, the closure of S(V,e) is strictly smaller than the 
set defined by equalities where < is replaced with <. One can observe this 
fact for a clean intersection case: Z\ = { z\ = z 3 = 0}, Z 2 = {z 2 = z 3 = 0}, 
Z 3 = {z\ = Z 2 = z 3 = 0}. Then S(V,e) is defined by 

N/N < e 
N/M < e 

\z\z 2 \/\z 3 \ < e 

and Zk € Gk, where Gk is an open cone. Note that this set is relatively 
compact. Then, 

M < e\zi\ 

\za\ < e\z 2 \ 

\ziz 2 \ < e\z 3 \ 

with Zk € Gk, is not compact. In fact, the unbounded set z\ = z 3 = 0 and 
z 2 E G 2 is contained in this set. So the set is strictly bigger than the closure 
of S(V,e). To avoid this, we need to add some extra inequalities. 

Theorem 4.27. We have 

(4.11) H k {p- l u s x a O^) = 0 (k 0). 

Proof. In the proof, we follow the notations used in Subsection 13.11 and 
we may also assume from the beginning that all the entries of A x are non¬ 
negative integers and cja = 1. Let p = (0; Cf) = (0; ; £(”d) g s x . 

Define C := (C (1) , ■ ■ ■, C (m) ) by C (fc) = C (fc) /IC (fc) l (k £ J z {()) and C (fc) = 0 
otherwise. By the observations in this section, we have 

(p- l H k v s x a O\) p ~ 

V,e 

where V runs through the family V{(f) and e > 0. As the closed subset 
S(V,e) does not satisfy the “property (A)” of [4J in general, we need to 
replace the family {5(D, e)}y i£ with an equivalent family of closed analytic 
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polyhedra which, in particular, satisfy the “property (A)”. Then the result 
immediately follows from the main theorem in |iL]. 

Let us construct an equivalent family. We may assume, in what follows, 
the cone V is always taken to be an analytic polyhedron. Set 


N := {a = («i,... ,a m ) € Z£? 0 ; a k = 0 (k € J z ( C))} 
and, for a = (aq,..., a m ) € Z> 0 , 

K(z):= \z^\ a K 

1 <k<m 

We also denote by 0 the set of strictly increasing continuous functions 9(t ) 
on (0, Too) satisfying lim^#(i) = 0. By Proposition 14.241 on the closure 

of 5(1/, e), we may assume that each closed subset 5(1/, e) in the family 
{5(1/, e)}v,e has the following form: 


p| {z € V; h a (z) < 0(e)hp(z)}\ P 
K (a,f3,0)€P ) 

P {z € V; hy(z) < {v + 6(e))h s (z)} J p{|z ( 0 ) |<e}, 

. ,8)£Q 


where P is a finite subset of (Z> 0 ) x N x 0 and Q is also a finite subset of 
N x N x M>o x 0. Note that a belongs to Z> 0 i however, the other /3, 5 and 
7 belong to N, which is crucial in the subsequent arguments. 

Define the family {H(V, e)}v, e >o by 


{zeV; h a (z) < 0(e)hp(z)} 

withafixed (a,(3,9) G (Z> o )xlVx0, and define also the family {G(V, e)}v,e>o 
by 

{z € V; h 7 (z ) < (v + 0(e))h s (z )} 

with a fixed ( 7 , 5,v,9) € N x N x M>o x 0. 

First we will make an equivalent family {iL(S, V, e)}=y )£ to the family 
{H(V, e)}v,e>o which consists of closed analytic polyhedra as follows: For a 
vector 

£ = (£ (1) , ...,£ (m) ) € C ni x • • • x C" m 
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with | 7 ^ 0 (1 < k < m), and for a € Z> 0 , set 


h^ a {z) ■= Re ]f[ 

1 <k<m 


/|e (fc) | (z {k) , e (fc) )\“ fc 
\ (e (fc) , W>) ) 


where (a, b) := a\b\ + • • • + a r b r for a = (aq,..., a r ) and b = (bi,...,b r ) and 
a denotes the complex conjugate of a complex vector a. Then we can easily 
confirm the following facts: For any z € X, we have 


(4.12) h ta (z) < (y/n)^h a (z). 

Furthermore, for (3 G N and V 6 h(() = V(£), there exists constant k > 1 
satisfying 


(4.13) k l hp(z) < hj? p(z) < nhp(z) (z£V). 

Note that, here, if V becomes smaller as a cone, then we can take the above 
k to be closer to 1 . 

Let S = {E k}keJ z (0 be a f am ily of the sets of vectors where each set S& 
(k G Jz{ C)) consists of hnitely many vectors in C nk with |£^| = 1. 
Then we define the closed analytic polyhedra H( E, V, e) by 

P| {z G V; h^ a (z) < ehj-'P(z )j , 

C 

where the vector £ = ... , £( m )) runs through the ones satisfying = 

<R fe) for k Jz{ C) and ^ G E^ for k G Jz( ()■ We can easily confirm that, 
by (14.121) and (14.131) . the family {iL(S, V, e)}s,y,e and the one {H(V, e)}v,e 
are equivalent. 

For an equivalent family to the family {G(V,e)}y,e> o, by noticing the 
remark after (14.131) . we can construct an equivalent family {G(V, e)}y; e of 
{G(V, e)}v,e>o consisting of closed analytic polyhedra by 

G(V, e) := { z€V; h^(z) < (v + e)/^(*)} . 

Hence we have obtained a required equivalent family of {<S(V,e)}v; e and 
the theorem follows. □ 
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Theorem 4.28. Let p £ S x be a point outside fixed points. Assume that 
the associated action p is non-degenerate. Then we have 

H k (p- 1 K a °x\x\U k z)r = 0 (kfiO). 

Let p = (0; £) = (0; ■ ■ ■, C^)- Let <pf. (1 < k < m ) be the monomials 

associated with the action p. We may assume from the beginning that all 
the entries of A x are non-negative integers and a a = 1. Since p is non¬ 
degenerate and p is outside fixed points, we have Rank A x = i < m and we 
may assume that the first t x t sub-matrix in A x is invertible and 0 

holds for 1 < k < l. 

Now we prove this theorem after some preparations. We regard 
w = (wi,...,we) = <p(t) = (<pi(t), (pg(t)) 

as a holomorphic map from Cf to C f w . Set 

D := {w\W 2 ■ ■ - we = 0} C C” and L := {ii • • • tg = 0} C C”. 

Then it is easy to see 

p~\D) = L. 

Furthermore, as w = <p(t) has the inverse t = p~ 1 (w) consisting of monomi¬ 
als of rational powers, the map 


t\c?\l : (C™ \ L) > (C” \ D) 

is a finite covering. 

Let H be the set of open poly-sectors V = V\ x V 2 x ■ ■ ■ x Va in where 
each 14 is an open proper sector in C and 1 € V&. We denote by A x 
the sub-matrix of A x consisting of the leftmost £ columns which is, by the 
assumption, invertible. Then, as 

(4.14) arg (w) = (arg(iui),..., arg(u^)) = arg (t)A x (t £ C £ \ L), 
holds, we have the following: 

For any V £ E, there exists V 1 , W £ H such that V' C <p(W) C V. 
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Remember that rik is dimension of the k-th coordinates block. Now, by a 
linear coordinates transformation on each coordinate blocks, we may assume 
that each direction has a form 

(|C (fc) |, o, ..., 0) ec nt (l<lfe<m). 


Furthermore we may assume |C^| = 1 for 1 < k < t by considering normal¬ 
ization of (. Set 


Y = C n ° x 


( x C nk 

\i<k<e 



x 


( x C nk 

\£<k<m 


x C e . 


do) 


( Z (P) JX) z 

Then define the map / : Y —> X by 

( z (0) (!) Jf) „(^+l) ... Jm) .\ 

-1 (z (0) , 99 1 (t)(l,zi 1) ),...,^(t)(l,^ } ), W + l(t)z (<+1) , 




d+!) . . . z ( m ) 
1 1 * 


t). 


,<Pm(t)z (m) ) 


We denote by the first coordinate of the coordinates block z^ and by 
the rest, i.e., = {z[ k \ z^). Dehne the subset in X by 

T x := { 4 1 } 4 2) • • • z i ] = 0} C X 


and the one in Y by 


Ty ■ = {t\t 2 ■••i| = 0 }ch 

By the previous observations and by noticing the fact (fk(t) 7 ^ 0 if t\ ... 7 ^ 

0 , we have 

r\T x ) = T y 

and 

the map /|ywy is a hnite covering over X \ Tx- 
Furthermore, we have 


Z\ U Z -2 U • • • U Zt = f{Ty) C Tx- 
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Let ey > 0 and Vy € H. Then define the open subset Sy(Vy, ey) in Y by 
|4°)| < ey, |44| < ey (1 < k < t) 

< !*(*)_£(*) | < ey (t <k < m) 

„ i € Vy, |tfc| < ey {l <k < i) 

We first show the following lemma: 

Lemma 4.29. For a multicone Sx{Vx, ex) C X with ex > 0 and Vx €E 
V(C), we can find some Sy(Vy, ey) with ey > 0 and V Y € S such that 

f(Sy(Vy, ey)) C Sx(Vx, ex)- 

Proof. In fact, if ey is sufficiently small and Vy is sufficient thin, then clearly 
f(S Y (V Y , ey)) C Vx holds. As we have 

Vk 1 ^ i(*)(!> 44), ■ ■ ■ > 44)) = 1 ((1, 4 1} ), • • •, (1, 4 £) )), 

and as |^ 1 (( 1 , 4 X ^), • • •, ( 1 , 4 ^))l is closed to 1 , we see that \pf l \ < ex 
holds at a point in f(Sy(Vy , ey)). In the same way, we have 

44), - - -, 4^)- mi(*)4 m) , • • • > Pmit)z {m) ) 

= 4 1} )> • • •, (!, 44))- 

Since 4*4) ■ ■ ■ > (1, 4^))l is ver y close to 1 and \z^\ is nearly 

IC (fc) l , we know that 

\C {k) \-e x <Wk\<\C ik) \+ex 

holds at a point in f(Sy(Vy , ey)). Hence we have obtained the desired 
inclusion. □ 

On the other hand, we have the inverse of / defined on a fixed SxiVx-, ex) 
(ex > 0 and Vx € V(C))> which is explicitly given by 

(4°), € X 

-■> (4 0) , 4 1) /4 1) >--->4 £) / 2 l4 4^ +1) /w+l(*))-” /<Pm(t), t ) ef, 

where t is determined by 

(4.15) t k = ipf 1 {zi\z { i\...,z[ e) ) (1 <k<i). 
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Lemma 4.30. For a given Sy(Vy, ey) with ey > 0 and Vy € H, we can 
find S x (V x , e' x ) with 0 < e' x < ex and V x C Vx in V(C) such that 

f-\S x (Vfi, e' x )) C S Y (V Y , ey). 

Proof. This is shown by the same argument as the one in the previous 
lemma. First we note that, for any 5 > 0, if we take V' x € V(C) sufficiently 
thin, then we have 

(4.16) (1 — (5)|z| fc ' ) | < \z {k) \ < (1 + <5)|zj^| (1 < k < m) 

hold on this V' x . 

It follows from (14.1411 and (14.1511 that we have t £ Vy if e' x is sufficiently 
small and V' x is thin. Furthermore, z € Sx(V x , e' x ) implies < e' x 

for 1 < k < £. Hence, by noticing (14. 1611 . we get \tk\ < ey. 

For 1 < k < £, as z^ is a point in a cone in C nk with direction (1,0,... , 0), 
by (14. 1611 . we have 

\zi k) /z[ k) \ < ey (1 < k < l). 

Since |C^| — e' x < fi>k(\z^\) < IC^I + e' x (£ < k < m) follows from 
z€S x (Vfi,e' x ), by taking ()4.16l) into account, for any 5' > 0, we get 

(1 - <5')IC (fc) l < \zW/t k \ < (1 + <5')IC (fc) l (£<k< m) 

if e' x > 0 is taken to be so small and V' x is so thin. Hence, since z € V x , in 
particular, z^ belongs to a thin cone in C nk with direction and since 
arg(ffc) is nearly 0, we conclude 

\z (k) /t k - ( W \<e Y . 


This completes the proof. 


□ 


For any Vy € S, since Z\ U • • • U = f(Ty) C T x and / is locally 
isomorphic outside Ty, we have 


/ ((C n ~ £ x v Y ) nu)nr x = f ((C n “* x V Y ) n U) D U Z 2 U ... Z e ) 
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for a bounded open subset U in Y. Therefore we have 


f (Sy(Vy, ey) \ Ty^j = f (Sy(Vy, ey)j \ Tx 
= / (■Sy(Vy, ey)) \ Tx 
= /(Sy(Vy, ey)) \ (Z x U • • • U Z^). 

Set 5'y := Sy(Vy, ey) for short. Then, as /|i^7yzy * s an isomorphism onto 
its image, we have 

R f' C W\T Y = C /(5T\Ty) = C J(^)\(ZiU-UZ^)- 

Hence it follows from Theorem 5.7 of j8]J that we have 

(4.17) 

W W 

-ftT(Z; KH° m T>Y <R, 'S^\Ty ® ®y) — 7?T(X; ^ f^s Y )\(ZiU—uz e ) 

Since / is locally isomorphic outside Ty, its Jacobian Jf does not vanish 
outside Ty. Therefore, for any point p 6 7, Jf has the form g t^t^ 2 • • • tT 
for some multi-index a = (ai,..., ae) € Z> 0 and some holomorphic function 
g with g(p) / 0. 

Let h := tit 2 ■ ■ ■ L, and let C?y ^ denote the sheaf of meromorphic functions 
whose poles are contained in Ty. (i.e., Oy,h = Oy[t^ 1 , ..., 1 ])- We set 

T>Yh '■= @Yh <8> Ty. Since Jf is invertible in Oyh-, we have 

’ ’Or 

(4.18) V Y , h <g> V f ~ Vy th . 

T> y ‘ 

w 

(See p. 479 in [6] also). As C-gp. Ty <g> 0y is a Ty^-module and T>y,h is flat 
over Ty, we have 

W W 

R / Homv Y (P Y J^ x , < Cs^\T Y ® C> Y') ~ RRom T>Y,h( R Y,h®' D Y ]^ x i <C SV\TY® C>Y ')’ 
and hence, by (14.171) and (14.181) . we finally obtain 

W W 

(4.19) i?T(T;C^ Ty <8> Oy) ^ RT(X; ( £-f(s Y )\(Z 1 u-uz e ) ® ®x)- 
Now we are ready to give the proof of the theorem. 
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Proof. By the fiber formula, it suffices to show 


H k (p l v% L (£ > x\ x \\j k z))p 

lin^r H k (S x (V x , e x )\ z ) 

ex>o,yxeV(C) 

, W 

Us? (MO). 

ex>0. V x er(C) 

By Lemmas 14.291 and 14.301 and ()4.19l) , the claim is equivalent to 

>H!) H “( Y <CsRiVMJV ® Oy) = 0 (*/»)• 

ey>0, VVeS 

Recall that Vy has a form x ■ ■ ■ x V( where each 14 is a proper open sector 
in C containing 1. Since we have 

Sy(V Yl e Y ) \ T Y = B x (yf\ {0}) x ■ ■ ■ x (T^\ {0}), 

where B is a closed convex set in C n_ ^, it follows from the topological tensor 
product formula in [8] that we get 

W 

R F(y i ^"Sy (W, ey)\Xy 0 ) 

= i?r(C n_ ^; Cb ® 0)^Rr(C; C WU0} (8) • • • ^i?r(C; % U0} (8) O). 

As B is a convex closed set, RT(C n , C# <8> O) is concentrated in degree 
0 and the 0-th cohomology group is naturally equipped with FN topology. 

W 

For 1 < k < £, iir(C; Cpr-^| 0 | <8> O) is also known to be concentrated in 
degree 0 (see, for example, Lemma 8.5 0) and the 0-th cohomology group 

W 

has FN topology. Hence we can conclude that itT(F;C ^ ^ Cy ) \ Ty <8> Oy) 
is concentrated in degree 0. This completes the proof. □ 


Thanks to Theorems 14.271 and 14.281 we obtain the following result 


Theorem 4.31. Assume the associated action p is non-degenerate. Then 
the distinguished triangle ((4.811 induces an exact sequence (outside the fixed 
points) 

(4.20) 


1 u0 ,.sa/nw 

'X C ^l*\U fc Z 


0 -)• p~ l H°u s A l O] 


p- l H°v* a O\ -> p- l H°v* a O w 


x ^x\\j k z 


0. 
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All the complexes p lu x ^\\x\[_], Z’P l v x O\ and p z are con¬ 

centrated in degree zero. 

Note that, by Theorem 14.271 the complex p _1 z/^ a CfJ is always concen¬ 
trated in degree zero even if the action p is degenerate and the point p is in 
the fixed points. 

Let us summarize our previous results. We assume X = C n . Recall 
that the set of points in S x outside the fixed points is denoted by 5°. Let 
W be an (M + )^-conic subanalytic open subset in 5°. Let us consider the 
multi-specialization of Whitney holomorphic functions. We have 

V ' U> 

T(W-p- l H°v s x a O\) ~ ^mhr^r(f7 / ; Ox), 

V' U' 

TiWip-'H^O^,) ~ ^mlir^r(C/';0- |UZ ), 

V U' 

where V' ranges through a family of (M + )^-conic subanalytic open sub¬ 
sets which are compactly generated in W, U' ranges through the family of 
Op(X sa ) such that C x (X \ U') n V' = 0. Here we say that V' is compactly 
generated in W if there exists a compact subset K C W with V' C (M + )^AL 

Recall that the classical sheaf A x ° (resp. A x , resp. on S° was 

defined in Subsection nm For {S p }p£w € «S(W) (for these dehnitions, see 
Subsection m and a compactly generated (E + )^-conic subset V in IV, we 
can find finitely many points P C W such that 



Hence, by Theorems 13.371 13.451 and 13.491 the identity morphism induces 
morphisms of presheaves on S° 

7<0 . —1 itO sn/AW 

A x ->• p tt V X U X \X\{J k Zi 

p- x H\™0\, 

A?/ p^H%^0\ w . 
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Since the above morphisms are isomorphisms in the stalks, we have obtained 
the isomorphisms of the sheaves on S° 

A<° c P ^H 0 ^O- lxxUkZ , 

A x ^ p- l H\ s x a O\, 

^x ~ P H u x u x\\j k z- 

By Proposition 14.311 on 5'°, we have the exact sequence of sheaves 
(4.21) 0 -» A<° -> A x ->• A FF -> 0, 

when the associated action p, is non-degenerate. The above exact sequence 
(I4.2ip is a generalization of the Borel-Ritt exact sequence for multi-asymptotically 
developable functions. 

4.6 Vanishing theorems for tempered holomorphic functions 

We are now going to consider the vanishing of the cohomology for the multi¬ 
specialization of the sheaf of tempered holomorphic functions of |9]. Let A 
be a real analytic manifold ( X = W 1 in the local model). Let T>b-x denote 
the sheaf of distributions on X. 

Definition 4.32. One denotes by'Dby the presheaf of tempered distributions 
on X sa defined as follows: 

U i y V{X-Vbx)/V M \ u {X-Vb x ). 

As a consequence of the Lojasievicz’s inequalities [TO], for U, V € Op(A sa ) 
the sequence 

0 -> Vb x (U Uf)-> Vb f x: {U) © Vb^V) -> vtfxiu nf)^o 

is exact. This implies that T>b x is a sheaf on X sa . Moreover it follows by 
definition that T>b x is quasi-injective. 

Let A be a complex manifold (X = C n in the local model) and let A® 
denote the underlying real analytic manifold of A. One denotes by O x the 
sheaf defined as follows: 

Ox := R'Hom pi T>—(Ox-,'Dbx m ). 
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Let U be an open subset in X. Then H°(U; O^) consists of tempered 
distributions on U that satisfy the Cauchy-Riemann system. 


Let x = {Z \, • • •, be a family of complex submanifolds of X. Theorem 
14.271 holds for O f x and O x (the sheaf of holomorphic functions). 


Theorem 4.33. 

we have 


Under the same geometrical situation as in Theorem\4-27, 


(4.22) H k {p- 1 v™O t x ) =0 (k £ 0), 

and 


(4.23) H k (v x O x ) = 0 (M 0). 

Proof. We may assume that all the entries of A x are non-negative integers 
and CT/i = l. Let p = (0; () E S x and H a finite subset in T-L t x M>o for 
which [H] and Q are equivalent. It follows from the fiber formula that 

(p-Wu^x),- \u^H k (S H (V,{e}); 0* x ), 

V,{e} 

where V runs through V(£) and {e} ranges through families of positive real 
numbers. We may additionally assume that H satisfies H = Q(H), and 
thus, a multicone Sh(V , {e}) has the form 

z€V, k (0) | <e 0 , 

/ (k w l) < v + e f ,+ for an y (/, v) e h 

for a convex cone b G b(() and a family {e} of positive real numbers. To 
prove the theorem, it suffices to show Sh{V, {e}) to be Stein. Set 



Y = {v = (m, C m ; p k + 0 (k £ J z { ())}• 


Then, for each (f,v) E H, f(j]) is a holomorphic function on Y as v k {f) > 0 
holds for k € Jz{ 0- Let us consider the set 

Yh ■= {v G Y; \f(rj)\ <v + e fi+ for any (/, v) € H} 

= fl f~\D v+ef + ). 
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Here D$ C C denotes the open disk with radius 5 > 0 and center at the 
origin, and each / is regarded as a holomorphic map from Y to C. Then Yjj 
becomes a Stein open subset because the inverse image of a Stein subset by 
a holomorphic map on a Stein subset is again Stein and Y itself is a Stein 
subset in C m . Let 0 be the set of projections 


P(z) = ( z h 


Zi. 


,)eC" 


Z = (zi, • • • ,z n ) € C n 


from C n to C m such that z lk € z^ (k = 1,2,..., m). Note that 0 is a finite 
set. Then, by noticing Remark 13. 11 we have 


S H (V,{e}) = {z£V-, M°)|<e„ 



(Xh) 


which shows that Sh(V, {e}) is Stein. This completes the proof. 


□ 


5 Examples 

In order to understand the previous constructions, in this section we con¬ 
struct several examples of multi-specialization and the associated multi¬ 
asymptotics. We shall work in the local model, in particular we are going 
to consider examples in C n starting from the matrices defining the actions 
and the associated multi-normal deformations. 

5.1 Majima’s asymptotics 

Let us consider X = C n with coordinates z = (zi, ■ ■ ■, z n ). We are going to 
check how our previous constructions permit to obtain strongly asymptoti¬ 
cally developable functions in the sense of Majima HU. Let x = {Zi,...,Z n }, 
Zi = {zi = 0}, Z = nr=i Zi. Set X = C n x M n and consider the action 

ft :C n xr -> C n , 

(zi, . . ■ , Z n , t \, . . . , tn) l X (^ltl, ■ ■ . , Zntfij. 

The monomials (fi, i = l,...,n, defining the action are <pi(t) = tj, i = 
1 ,n, and the associated matrix A x is nothing but the identity matrix. 
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By Proposition II. 101 the zero section S x of X has a vector bundle structure 


~ T Zl X x • • • x T Zn X. 

X X 

Following the notations of Section [2] we are going to study the family of 
multicones C(£) associated to a point £ = (£i,...,£ n ) € S' x , / 0, z = 
1 First of all we easily see that the rational monomials pj 1 , j = 

1,... ,n are (/9j 1 (r) = Tj (no monomials ipk appear since A x is an invertible 
square matrix), and hence F° = {t\, ... ,T n }. A cofinal family of C(£) is 
C(£,F°) defined as follows 

Zi € Wi (k = 1,.. ■ ,n),\ 

[zi,... ,Zn) € X; > , 

\Zi | < e J 

where e > 0 and each Wj is an M~*~-conic open subset in T Z .X ~ C containing 
the point It means that a cofinal family of C(£) is given by the family of 
multisectors in C n containing the direction £. 

We are now ready to compute the fibers of the specialization of Whit¬ 
ney holomorphic functions. Let Oj- be the subanalytic sheaf of Whitney 
holomorphic functions on X. Let £ £ S x — C n . Then 

- H ^H°(S;(D%) ~ 0$), 

S S S' 

where S = S\X ■ ■ ■ X S n ranges through the family of multisectors containing 
£ and S' = S[ x • • • x S' n ranges through the family of multisectors properly 
contained in S (i.e. S[ \ {0} C Si, i = 1,..., n). By Theorem 13.371 

]^mH 0 (S' ■, Ox) — r(5;^4 x ), 

S' 

where A x denotes the sheaf of strongly asymptotically developable functions 
in the sense of Majirna HU. Moreover H k (p l u^(0\)) = 0, k / 0, in view 
of Theorem 14.271 hence we get the isomorphism of sheaves (outside the fixed 
points of S x ) 

P~^ s x a °x ^ A- 
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Moreover, following the notations of Section^ by Theorem l4.31l the sequence 


0 -> p-^Ol ,x\ Ufc z ^ P-X a °x -+ P~ liy x°x\u kZ 0 

is exact. This corresponds to the sequence 

0^A<°^A x ^ A° F 0 , 

where and A 7 ' 77 denote the sheaves of flat asymptotics and consistent 
families of coefficients respectively. This is nothing but the Borel-Ritt exact 
sequence for strongly asymptotically developable holomorphic functions. 

5.2 Examples in C 2 

Let us consider some interesting cases in C 2 with variables z = (zi, 22 ). We 
are going to consider the normal deformation (and the associated multi¬ 
specialization and asymptotics) for some interesting cases. 


/ Majima asymptotics. In this case 



We have Z* = {zi = 0}, i = 1,2. Then we can define a normal deformation 
X = C 2 x M 2 with the map p(z; t ) = (tiz±, ^ 2 -^ 2 )- By Proposition 11.101 the 
zero section S x of X has a vector bundle structure 


S x cz T Zl X X T Z2 X. 

X 

The rational monomials ipj 1 , j = 1,2, are ^~ 1 (r) = n, </?^ 1 (r) = 72 . Let 
£ = (^ 1 ,^ 2 ); £* 7 ^ 0, i = 1,2. A cohnal family of C(£) is C(£,F°) consisting 
of elements S(W,e), W = W\ x W 2 , dehned as follows 


S(W, e)= <zeX; 


z k eW k (k = 1,2),' 
\zi\ < e (i = 1 , 2 ) 


where e > 0 and each W k is an M + -conic open subset in C containing the 
point £ fc . 
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We now construct the asymptotics. We have <S'{ 1 , 2 } = {0} and, for i / 
3 G {1,2} 


Zj € Wj, 


A total family of coefficients of multi-asymptotic expansion is given by 


\Zj I < e 


F 


{ F {1}i F {2}i F {1,2}} 


{{/{!}, k( z 2)}keZ> 0 , {/{2},fe(^l)}fceZ> 0 , {/{l,2},c 



where f{i}, k (z 2 ) (resp. f{ 2 },k( z i)) is holomorphic in (resp. 5 {2 }) and 
/ri,2},a ^ C. An asymptotic expansion App <N (F] z), N = (roi,ro 2 ) € Z> 0 
is given by 


r { T (F; z) 

= J2 

k<ni 

k € Z> 0 

T$(F; z) 

= J2 /{2},fc(*l)^> 

k<n 2 

k G Z> 0 


T {1,2}( F 'i Z ) = XT Q'i UJ ’ Q! 1) Q; 2€Z>o, 

ai<ni 

a.2<n2 


App <N (F] z) = T<$(F-, z) + T<*(F-, z) - T<% } (F ; *). 


-<<N 


<N ( 


-<<N 


We say that / is multi-asymptotically developable to F = {Ajn, Am, An 2 \} 
along x on S = S(W,e) if and only if for any cone S' = S(W',e') properly 
contained in S and for any N = (ri\, n 2 ) € Z> 0 , there exists a constant 
Cs',n such that 


\f(z) - App <iV (A; z) | < C S ’, N \zi\ ni W n2 (z G 5'). 


The family A is consistent if 

• f{i},k( z 2 ) is strongly asymptotically developable to 

{/{l,2},(fc ,a2 )}a 2 £Z> 0 

on S;u for each k G Z>o, 
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• f{ 2 },k( z i) is strongly asymptotically developable to 

{/{l,2},(ai ,k) }oi GZ>q 

on £'{ 2 } for each k € Z>o- 
These are the asymptotics of mi in c 2 . 


/ Takeuchi asymptotics. In this case 



We have Z\ = {0}, Z 2 = {Z 2 = 0}. Then we can define a normal deformation 
X = C 2 x M 2 with the map p(z; t ) = By Proposition 11.101 the 

zero section S x of X has a vector bundle structure 


S x ~ T Zl Z 2 x T Z2 X. 

X 

The rational monomials c/A 1 , j = 1,2, are = t\, ^ 1 (t) = —. Let 

J Tl 

£ = (^ 1 ,^ 2 ); £* / 0, i = 1,2. A cofinal family of C(£) is C(^,F°) consisting 
of elements 5(W, e), W = W\ x W 2 , dehned as follows 


S(W,e) 


Zk £ Wk (k — 1 , 2 ), 

< zel; |zi| < e, > , 

\ z 2\ < t\ z l\ 


where e > 0 and each Wk is an R + -conic open subset in C containing the 
point 


We now construct the asymptotics. We have SAi = 5 ’{i,2 } = {0} and 

„ _ / c G 

*S{ 2 } — S 2 G Z2, 

l pil < e 

A total family of coefficients of multi-asymptotic expansion is given by 

F = i F {l}^ F {2}, F {l,2}} 

{l},a}aeZ% 0 ’ {f{ 2 },k( z l)}keZ> 0 i {/{l, 2 },a}aez| >0 } ■ 
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where f{ 2 },k( z 1 ) is holomorphic in 5 {2 } and /{i}, a >/{i,2},a € C. An asymp¬ 
totic expansion App <JV (F; z), N = (ni,n 2 ) € Z > 0 is given by 

ai 02 

T<f(F;z)= J2 a = (ai,a 2 )€Z| 0 , 

ai+a2<'n-i 

k 

T<f (F; z) = X /{2}, fc (^i)f, fc € Z> 0 , 

k<U2 

OL2 

z)= X /{ 1 . 2}, / 1 r 2 , . « = (« 1 »“ 2 ) € Z 2 >0 , 

x / ai!a 2 ' 

ai+t*2<m 

OL2<U2 

A PP < 7 V (F; z) = T<f (F; z) + T<f (F; z) - T<5 } (F; z). 

We say that / is multi-asymptotically developable to F = {Fm, Fm, Fn 2 i} 
along x on S = S(W,e) if and only if for any cone S' = S(W',e') properly 
contained in S and for any N = (n\,n 2 ) € Z> 0 , there exists a constant 
Cs',n such that 

| f(z) - App < 7 V (F; z)| < Cs',N\zi\ ni - n2 \z 2 r (* € S'). 

The family F is consistent if 

• f{i},a = f{i,2},a for each a <E Z| 0 , 

• f{ 2 },k( z i) is strongly asymptotically developable to 

{/{l,2},(ai,fc)}ai€Z>o 

on Sim for each k € Z>o- 

These are the asymptotics of [ 6 ] associated to the bispecialization of m in 

c 2 . 

Set X = Y = C 2 , X (resp. Y) with coordinates z = (zi,z 2 ) (resp. 
w = (wi,w 2 )). Let xy = {Zyi,Zy 2 }, with Z Y \ = {0}, Z Y2 = {w 2 = 0} 
and xx = {Z X i,Z X 2 }, with Z X] = / _1 (0) = {z 1 = 0}, Z X2 = {z 2 = 0}. 
We have 

= ")’ ^ = (o O' 


146 




Consider the map 


f:X ->■ Y 

( Z !, Z 2 ) ^ (2:1,2:122) 


(locally) the blow-up at the origin. Remark that condition (14.31) holds. 
Let us consider /. On the zero section (we keep the same coordinates for 
simplicity) the map T x f is defined as follows: 


w 1 


w 2 


^-(0,0)2i = 21, 


d 2 f 

dz\dz 2 


(0,0)2122 = 21 2 2 . 


It is a conic map with respect to the (M + ) 2 -actions on S Xx and S XY . By 
Propositions 14.181 and 14.191 / makes a link between specializations with 
respect to xx and xy- 


/ Cusp asymptotics. In this case 



We have Z\ = Z 2 = {0}. Then we can define a normal deformation X = 

C 2 x R 2 with the map p(z; t ) = {t'\t 2 zi , tft 2 z 2 ). The rational monomials 

Ti r 3 

Vj 1 , 3 = 1,2, are ^(r) = —> ¥> 2 1 ( r ) = -§• Let £ = (6,6), 6 + 0, 

7"2 7"i 

i = 1,2. A cofinal family of C(£) is C'(^,l ?0 ) consisting of elements S(W, e), 
IT = W\ x IT 2 , defined as follows 


S(W,e ) 


2 fc elT fc (A; = 1,2),' 

< z £ X] \z\\ < e\z 2 \, , 

M 3 < e|2i| 2 


where e > 0 and each is an R + -conic open subset in C containing the 
point 6 - 
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We now construct the asymptotics. We have >SV] j = SW = <S'{i )2 } = {0}. 
A total family of coefficients of multi-asymptotic expansion is given by 


F = i F { 1}’ F {2 }i F {1,2}} 

= {{/(!}.«} aeZ?, 0 ’ {/{2},a}aGZ?, 0 ’ {/{l,2},a}«eZ?, 0 } > 

where /{i}, a , f{2},on /{i, 2 },a ^ C. An asymptotic expansion App <JV (F; 2 ;), 
N = (n\,n 2 ) € Z 2 0 is given by 


T<»(F; 2 ) = ^ /(!>,«-* 


01 ~«2 


2 -, 2 , 


All 


f<N 

{ 2 } 


3ai+2a2<ni 




(F; 2) = ]T f{2},a~~ 


«1 02 


2 -, 2 . 


a\\a 2 


ai+a2<n2 


T iU F ' 2 > = E /( 


ai ^02 


2 , 2 . 


3ai+2a2<ni 

01 + 02<^2 

i<JV / 


« 1 ! CK 2 - 


a = (ai, 0 : 2 ) € Z|o, 
a = (ai, 02 ) € Z> 0 , 
a = (ai, 02 ) € Z> 0 , 
-1 <iV 


App <JV (F; 2 ) = T<j v (F; 2 ) + T<£ (F; 2 ) - T<% } (F-, 2 ). 

We say that / is multi-asymptotically developable to F = {F^n, Fr 2 }, F{ 12 }} 
along x °n S = S(W,e) if and only if for any cone S' = S{W',e') properly 
contained in S and for any N = (rii, n 2 ) € Z> 0 , there exists a constant 
Cs ',n such that 

| f(z) - App <iV (F; z)| < C S ', N \zi\ ni - 2n2 \z 2 \ 3n2 - ni (z € S'). 

The family F is consistent if 

• = /{2},a = /{1,2},a f° r eac h Q £ ^>0' 


Set A = Y = C 2 , A (resp. Y) with coordinates 2 = ( 21 , 22 ) (resp. 
w = (wi,w 2 )). Let xy = {Z Y i,Z Y 2 }, with Z Y \ = Z Y2 = {0} and xx = 
{Zxi,Z X 2 j, with Z;XI = {z\ = 0}, Z.Y 2 = {Z 2 = 0 }. We have 


A\ x ~ 


1 0 
0 1 


Axv ~ 


3 2 
1 1 
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Consider the map 


f-.X -»■ Y 
(zt,z 2 ) (. zfz 2 ,zfz 2 ) 

(desingularization of a cusp at the origin). Remark that condition (14.31) 
holds. Let us consider /. On the zero section (we keep the same coordinates 
for simplicity) the map T x f is defined as follows: 

m = s ' 4 ' 4& (0 ' 0,2?22 = 2?22 

“ 2 = I' 3 'a|lk <0 ' 0>2?22 = 2f22 ' 

It is a conic map with respect to the (R + ) 2 -actions on S Xx and S XY . By 
Propositions 14.181 and 14.191 / makes a link between specializations with 
respect to xx and xy- 

5.3 Examples in C 3 

Let us consider some interesting cases in C 3 with variables z = (zi,z 2 ,zz). 
We are going to consider the normal deformation (and the associated multi¬ 
specialization and asymptotics) for some interesting cases. We shall consider 
2x3 and 3x3 matrices with entries 0 , 1 , avoiding the degenerate cases. 


/ Clean intersection asymptotics (2 lines). In this case 


*x = 


1 1 o \ 

Oil]' 


We have Z\ = {z\ = z 2 = 0}, Z 2 = {z 2 = Z 3 = 0}. Then we can define a 

normal deformation X = C 3 x R 2 with the map p(z; t ) = (tizi,tit 2 z 2 l t 2 zs). 

The rational monomials pj 1 , j = 1,2, are ^7 1 (r) = ti, tp 2 l (r) = — and 

j n 

^3 (r) = Let ^ = ( 6 , 6 ^ 3 ), & + 0, i = 1,2. A cofinal family of C(£) 
t 2 

is C(£,F°) consisting of elements S(W,e), W = W\ x W 2 x IT 3 . defined as 
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follows: 


S(W,e) 


z k G Wk (k — 1,2, 3), 

\zi\ < e, 

M < e\zi\, 

{m(0 - e)\z 2 \ < \zi\\z 3 \ < (n 3 (0 + e)| 2 2 |. 


where := |£i£ 3 /£ 2 |, e > 0 and each Wk is an M + -conic open subset in 

C containing the point 


We now construct the asymptotics. We have SA 2 \ = {0} and 

z 3 G W 3) ] 


S{i} — s z g £1; 


*S'{ 2 } — S z € ^ 2 ; 


N < 6 


*1 G W u 


l M <e J 

A total family of coefficients of multi-asymptotic expansion is given by 


F 


{F {1} ,F {2} ,F {1 . 2} } 

{{/{!},«(^3)}aeZ?, 0 ! {/{2},o(^l)}aGZ?, 0 


{/{l,2},/3}/3eZ| 0 }> 


where /{i}, a (z 3 ) (resp. /{ 2 },a(~i)) is holomorphic in SAi (resp. <S'{ 2 }) and 
/{i, 2},/3 G C. An asymptotic expansion App <N (F-, z ), N = (ni,n 2 ) € Z > 0 
is given by 


Tfxf (F; z) 
T$(F- z) 

T{i" } (FI z) 

App <n {F; z) 


£ 

ai+Q;2<ni 


Q;i 0:2 


fwA**)- 


z 1 z. 


W ’ 


ai!a 2 


£ 

Q2+a3<^2 

£ 

/3i+/32<ni 

/?2+/33<«2 


/{2},a(*l) 


a 2 «3 
Z 1 

<22 ' 


Jh -/% 7P3 
z 2 ^3 


«i, a 2 € Z>o, 
a 2 , «3 G Z>o, 
Pi,P 2 , @3 G Z> 0 , 


T. 


{!f(^! ^)+T<j v (F; z) 


rj~y<N ( 


_ rp<N 

i {h 2 } 


(F; *). 
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We say that / is multi-asymptotically developable to F along x on S' = 
S(W,e) if and only if for any cone S' = S(W',e') properly contained in S 
and for any N = (ni,ri2) € Z> 0 , there exists a constant Cs',n such that 

| f(z) - App <7V (F; z) | < Cs', N \zi\ ni ~ n W 2 (z € S'). 

The family F is consistent if 

• /{i},(oi,« 2 )("3) is strongly asymptotically developable to 

{/{l,2},(ai ,0*2} 

on S{i| for each (01,0:2) € Z> 0 , 

• f{2},(02,03) (^1) is strongly asymptotically developable to 

{/{l, 2 },G 8 i ,Q: 2 ,Q :3 )}/?l€Z>o 
on S|2} for each (02,0:3) € Z> 0 . 


/ Majima asymptotics. In this case 


A = 


1 0 0 \ 
0 10 
0 0 1 / 


We have Z % = {Zi = 0 }, i = 1 , 2 , 3 . Then we can dehne a normal deformation 
I = C 3 x l 3 with the map p(z; t) = 6^2, £32:3). By Proposition 11.101 

the zero section S x of X has a vector bundle structure 


S x ~ T Zl X x T Z2 X x Tz 3 X. 


The rational monomials Vj 1 , j = 1 , 2 , 3 , are </? 1 1 (r) = ri, ^ 2 1 ( r ) = r 2, 
^■fV) = r 3- Let £ = (£1,6,6), 6 / 0 , i = 1 , 2 , 3 . A cofinal family of C(£) 
is C'(£,F°) consisting of elements S(W,e), IT = IT] x W2 x IT3, defined as 
follows 


S(W,e) 


%k € Wk 

z <E X; 

N < e 


(k = 1 , 2 , 3 ),! 

(* = 1 , 2 , 3 ) J’ 
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where e > 0 and each Wk is an M + -conic open subset in C containing the 
point 


We now construct the asymptotics. We have Sin 2 ,3} = { 0 } and, for 
i / 3 / k G { 1 , 2 , 3 } 




z g Zj n z 




Zk G Wk, 
\zk | < e 


% = < 


z j G 


z G Zfc G Wfc, > • 

kjl, \zk\ < ej 

A total family of coefficients of multi-asymptotic expansion is given by 


F = i F {l}’ F {2}i F {3}’ F {l,2}, F {l,3}, F {2,3}, F {l,2,3}} 

= {{/{!}, k{z2, Z3)}keZ> 0 i {f{2},ki z l, Z3)}keZ> 0 , {f{3},k( z l, Z 2 )}keZ> 0 , 

{f{l,2},a( z 3)} a£ z^ o , {/{l,3},a( z 2)}o, G z2 o , {/{2,3},a(^l)}aeZ?. 0 ’ 
{/{l,2,3},/3}^eZ| 0 } 5 

where /{i},fc(^2, ^3) (resp. /{ 2 },fc(^i, Z3), resp. /{ 3 },fc(^i, ^2)) is holomor- 
phic in 5 {ij (resp. S {2} , resp. S {3} ), f { 1,2},a(^) (resp. /{1,3},0,(^2), resp. 
f{2,3},a( z i)) is holomorphic in S{ 12 } (resp. S {h3} , resp. S {2 , 3 }) and /{!,2,3},/3 G 
C. An asymptotic expansion App <Ar (F; z), A” = (roi,n 2 ,n 3 ) G Z> 0 is given 
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by 


k<ni 

T<f (F; z)=J2 f{ 2},fc(zi,*3) 


T {i} ( F ! z ) = X] ^3)-^-, k G Z>0, 

k G Z>o, 


k<ii 2 


~k 

£2 

A:!' 


T<f (F; z) = £ / {3}l fc(^i^2)^, k G Z> 0 , 


k<U3 


z)= £ /{1,2},«(*S)5 




ai<ni 

02<fl2 


«1! CK2 - 


T (w>( F ^)= E /uA«fe)i 

ai<ni 
a 3 <n 3 

r (M>( F ! *) = E /{ 2 , 3 ),«( 2 l) 


«1 ~«3 


2-1 


ai! CK3! 


«2<n2 

CK3<n 3 


a 2 a 3 

c^las! 


r (w)( F ; *>- £ 


J 3 l -/% /S 3 
^2 ^3 


App <Ar (F; z) = T<f (F; z) + F<f (F; z) + T<f (F; z) 


fh<ni 

p 2 <ri 2 

03 <n 3 

i<N 


Pi'.lhw 


<N t 


oti, OLi € Z>o, 

Oil, «3 £ Z>0, 

«2, CK3 € Z>0, 

Pl,P2,Ps £ Z> 0 , 

n<N, 


— T. 


{ 1 } 

<N 


{ 2 } 

-i<1V 


{3} 


{1"}( F ; 3 )-T { <^(F; 3 )-T<"(F; 2 ) 


+ T {1E}( F; *>• 

We say that / is multi-asymptotically developable to F along x on S = 
S(W,e) if and only if for any cone S' = S(W',e') properly contained in S 
and for any N = (ni,n2,n 3 ) G Z> 0 , there exists a constant C$\n such that 

| f{z) - App <n (F- z) I < C S ’, N \zi\ ni \z2\ n2 \z3\ n3 (z G S'). 

The family F is consistent if 

• f{i},k( z 2, Z3) is strongly asymptotically developable to 

{ {/{1,2},(M 2 ) (^ 3 )}« 2 S^>o > {f {1,3},(fc,Q' 3 ) (~2)}» 3 €Z>o 1 
{/{l,2,3},(fc,/3 2 ,/3 3 )}(/32A)eZ| 0 } 
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on £{!} for each k € Z>o, 

• f{2},k( z ii -3) is strongly asymptotically developable to 

{{/{l,2},(oi ,k) (^-3)}oiGZ>o j {/{2,3},(fc,03) (~l)}o3SZ>o 
{/{l,2,3},(ft,fe )( 93)}(/3i^3)eZ| 0 } 

on 5 {2} for each k € Z>o, 

• /{ 3 },fc(~i> z 2) is strongly asymptotically developable to 

{{/(l,3},(oi ,k) (■2-2)}aiGZ>o 1 {/{2,3},(o2,A:) (~l)}o2SZ>o 
{/{l,2,3},08i,/32,fc)}08i^ 2 )eZ| o } 

on S {3} for each k € Z> 0 , 

• /{i, 2 },(ai,a 2 )(- 2 3 ) i s strongly asymptotically developable to 


{/{ 1,2,3},(cd 5^2) /?3)}|®3SZ>0 
on S'r 1 2} for each (01,0:2) € Z> 0 , 

• f{i,3},(ai,a 3 )( z 2) is strongly asymptotically developable to 

{/{l,2,3},(ai,/32,a3)}/32eZ>o 
on Sin 3 i for each (oi,o 3 ) € Z> 0 , 

• /{2,3},(02,03)(21) is strongly asymptotically developable to 

{/{l,2,31,001 ,CX2,Q:3 )}/3 iGZ>o 
on 5/2,3} for each (02,013) € Z> 0 . 

These are the asymptotics of im in c 3 . 


/ Takeuchi asymptotics. In this case 


Ay _ 


(1 1 1 \ 
Oil. 
\o 0 1 / 


154 



We have Z\ = { 0 }, Z2 = {z 2 = Z3 = 0 }, Z3 = { z 3 = 0 }. Then we 
can define a normal deformation X = C 3 x R 3 with the map p(z: t ) = 
t\t2Z2, t\t2t$zs). By Proposition 11.101 the zero section S x of X has a 
vector bundle structure 


S x ~ Tz t Z 2 x T Z2 Z-3 x Tz 3 X. 
x x 


The rational monomials tp- , j = 1 , 2 , 3 , are p> 1 l (r) = n, (/? 2 1 ( r ) = 


-1/ 


.-1/ 


T 3 


T2 

1 

T\ 

< ^3 1 ( r ) = — • Let £ = (£1,62,& / 0 , * = 1 ) 2 , 3 . A cofinal family of C(£) 
T~2 

is C(£,F°) consisting of elements S(W, e), W = W\ x W2 x W3, defined as 
follows 

(fc = 1 , 2 , 3 )/ 

\zi\ < e, 

N2I < e|zi|, 

Nl < e|z 2 | 

where e > 0 and each is an R + -conic open subset in C containing the 
point 


S(W, e) = < 


z G A; 


, 


We now construct the asymptotics. We have SAi = <S'{ 1)2 } = *S'{i, 3 } = 
5(1,2,3} = {0} and 


S'{2} — 5 ’{ 2 , 3 } — < Z € Z 2 ; 


z 1 € Wi, 
\z\ I < e 


5 ( 3 } = 


. 


Zj€Wj (j = 1 , 2 ),' 

2 G Z3; |^i| < e, 

N < e\z 2 \ 

A total family of coefficients of multi-asymptotic expansion is given by 


F = { F { 1 }’ F { 2 }i F { 3 }i F { 1 , 2 }i F { 1 , 3 }i F { 2 , 3 }i F { 1 , 2 , 3 }} 

= { {/{1},/3}^GZ?, 0 ) {/{2},« (^l)}agZ?, 0 ! {/{3},fc (^1) ^2)}feGZ>0> 

{/{1,2},/3}/3gZ| q , {/{1,3},^}^gZ3 q > {/{2,3},a ( z l)}aeZS, 0 ) 

{/{1,2,3},/3}/3gZ| 0 } ; 
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where /{ 3 },fc(^i, ^2) (resp. /{2 }, q 0i), resp. /{ 2 ,3},a(zi)) is holomorphic in 
S{ 3 } (resp. S {2 }, resp S {2 , 3 }) and f{i},pJ{i, 2 },pJ{i, 3 },pJ{i, 2 , 3 },i 3 G C. An 
asymptotic expansion App <iV (F; z), AT = (711,712,713) € Z> 0 is given by 



rn<.N 

J { 1 . 3 } 




'~n<N 

J {2,3} 




7~’<AT 

{1,2,3} 




A PP <iV (F; 


z = 


z = 


/ 3 i+/ 32 +/ 33 <m 

X] /{2},a(-l) 


v /?l 




C*2 03 
z 2 z 3 


a 2+a3<ri2 


a2!a 3 ! ’ 


Pl,P 2 , 03 G Z>0, 


02, a 3 G Z>o, 


z = 


~ k 

Y f{ 3 },k( Z l’ Z 2 )j\’ fcez>0, 

k<nz 


Z = 


Y f{l,2},P~k 


v Pl „p3 


Pi+P2+p3<m 

p 2 +p 3 <ri 2 


PiWM ’ 


z = 




~Pi „/33 


/ 3 i+/ 32 +/? 3<«1 

p3<n-3 


Pi'.fow ’ 


/3l, /?2, /?3 G Z>0, 


/3l, /?2, /?3 G Z> 0 , 


Z = 


/{2,3},a( 2 l) 


02 +a 3<712 

a 3 <n ,3 


02 03 

-2 z 3 

a 2 !a 3 ! ’ 


z = 


Y f{i,2,3},p~k 


Pi „P2 „Pz 


Z\ Z 0 Z‘ 


2 +3 


Pl+P2+p3<ni 

P2+p3<ri2 

p3<H3 


PiWM ’ 


012 , 03 € Z>0, 


Pi, @2, P 3 G Z>0, 


= T'j'fF; z) + if^fF; z) + T<f(F ; 2 ) 

- 7,12,(F; “ 7(13) *> - 7,13, (F; *) 

212 , 3 ) < 


+ 7 , 12 ,,(F; Z ). 


We say that / is multi-asymptotically developable to F along % on S' = 
S(W, e) if and only if for any cone S' = S(W',e') properly contained in S 
and for any N = (? 7 i, 772, n 3 ) G Z> 0 , there exists a constant Cs\n such that 

\f(z) - App <iV (F; z)J < C S 'M^\ ni - n2 W\ n2 ~ n W 3 ( z G 5 '). 


The family F is consistent if 

• f{i},p = f{i, 2 },p = f{i,3},p = f{ 1 , 2 , 3 },p for each P G Z| 0 , 
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f{ 2 },a = /{2,3},a for each a € Z| 0 , 

f{:i}.k( z i i z '2) is strongly asymptotically developable to 

{{/{l,3},(^i w S2,fe)}(/3i,fe)eZ| 0 i{/{2,3},(a2,fe)( 2 l)}a 2 eZ>0, 

{/{l,2,3} > C9 1> /92,fc)}c9 1 ,/3! a )e^ 0 } 

on S {3} for each k € Z>o, 

f{2,3},(a2,a 3 )( z i) i s strongly asymptotically developable to 


{/{1,2,3},(ft 2 , 0:3 )}/3iSZ>q 
on <S'{2 i 3} for each (0:2,013) € Z> 0 . 

These are the asymptotics of [6j generalizing the bispecialization of m in 
C 3 . 


/ Clean intersection (3 lines) asymptotics. In this case 


^x = 


/ 1 1 0 \ 
Oil. 

V 1 0 1 / 


We have Z\ = {z\ = z 2 = 0 }, Z 2 = {z 2 = z 3 = 0 }, Z 3 = {z\ = z 3 = 0 }. 
Then we can define a normal deformation X = C 3 x R 3 with the map 
p(z; t ) = (tit 3 zi,tit 2 z 2 ,t 2 t 3 z 3 ). Set Z = Z\ n Z 2 n Z 3 . By Proposition 11.101 
the zero section S x of X has a vector bundle structure 


S x ~ TzZi x TzZ 2 x TzZ 3 . 

X X 


The rational monomials <p- 1 , j = 1 , 2 , 3 , are p 1 1 (r) = ( - ) , ip 0 1 (r) = 

V r 3 J 

(^) 2 > = {^f) 2 • Let £ = (Ci, 6,6), Ci + 0, i = 1,2,3. 

A cofinal family of C(£) is C(£,F°) consisting of elements S{W, e), W = 
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W i x W‘2 x W3, defined as follows 


S(W,e) 


Zk&W k (A; = 1,2,3),' 

MM< e M> 

< z € X- , 

MM < e M> 
MM< e M 


where e > 0 and each W*, is an M + -conic open subset in C containing the 
point 4. 


We now construct the asymptotics. We have <S’{i,2} = ^{m} = 5 ( 2 , 3 } = 
5 {i,2,3} = {0} and 

„ _ / Z3G ^ 3 ’\ 

5{i} — s z G Zi\ f > 

l M < e J 

zi G WO 

M < e / 

*2 G 1F 2 ,1 

M <e j 

A total family of coefficients of multi-asymptotic expansion is given by 


5 ( 2 } — |Z G Z-2\ 
5(3} = f z € Z3; 


F = { F {1}, F {2}, F {3}i F {1,2}i F {1,3}, F {2,3},F{1,2,3}} 

i/{l},a(^3)}ogZ?, 0 > {/{2},a(~U )}a-gZ?, 0 > {/{3},a (^2)} a gZ?, 0 > 
{/{l,2},/3}/3eZ| Q 5 {/{l,3},/3}/36Z| 0 ■ {/{2,3},/3},3eZ| 0 > 

{/{l,2,3},/3}/3eZ| 0 } > 

where /{i}, a (z 3 ) (resp. /{ 2 }, a (zi), resp. /{ 3 }, Q! (^2)) is holomorphic in S {1} 
(resp. S { 2} , resp 5 {3} ) and /{i, 2 },/ 3 , /{i,3},/3, /{2,3},/3, /{i,2,3},/3 € C. An asymp- 
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totic expansion App <N (F] z ), N = (711,772,773) € Z> 0 is given by 


T,<f(F; Z )= -£ 7 (l}.«fe)v 


ai+a 2 <ni 


~ai „ai 
~1 z 2 

CKlIo^! 


T<f (F; z) = Y1 /{ 2 },a(«i) 


Q! 2 +C»: 3<^2 


a^a^! 




«i+a 3<^3 


ailc^! 

-A A 03 

/61 /60 / 6 q 


0i+02<m P1-P2-P3- 

02 +0 3 <ri2 


7 , S ) (J r ^)= E toi 


A A A 


/ 9 iHA<m 

/ 5 i+/ 33<«3 


r (A)< F - 2 )= E /(: 


02 +0 3 <ri2 
0i+0 3 <n 3 


PiWM ’ 


A ~/?2 Pz 
^1 ^2 ^3 

2 ' 3,JS 


P S,3)(^)= E /iwi 


A A A 


/? 1 +/ 32<«1 
/? 2+/?3 <n-2 

0l+0 3 <n 3 


PiWM ’ 


«i, a 2 € Z>o, 


«2, «3 ^ Z>0, 


«1, «3 € Z>0, 


Pi, @ 2 , @3 € Z> 0 , 


Pl,P 2 ,P 3 € Z> 0 , 


G ^>0; 


Pl,P 2 , /?3 ^ Z> 0 , 


App <W (F; 2 ) = T^fF; z) + T<f(F; z) + TjjJ'fF; z) 

- AA *> - FIA z > - T {1">< F; 

+ t ’S, 3 )< F; *)• 

We say that / is multi-asymptotically developable to F along % on S' = 
S(W, e) if and only if for any cone 5 ' = S(W',e') properly contained in S 
and for any N = (771,712,773) G Z> 0 , there exists a constant Cs>,n such that 

| f(z) - App <7V (F; z) | < C^IV (| 2l | n l+ n 3-^| Z2 |n 1 +n 2 -n3| Z3 |n 2 +n 3 -n 1 ^ 

on z € S' . The family F is consistent if 

• /{ i},p = f{2},0 = f{ 3},0 = f {1,2,3},0 for each /3 G Z| 0 , 

• /{i},(qi,o 2 )(23) is strongly asymptotically developable to 

{/{l,2,3},(ai ,012 A)}A€Z>o 
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on £{!} for each (01,0:2) € Z> 0 , 

• f{i,2},(a 2 ,a 3 )( z i) is strongly asymptotically developable to 

{f {l,2,3},(/3i ,a2,c*3 )}/? iSZ>o 
on Sr 2 \ for each (012,0:3) € Z> 0 , 

• /{l^lXaijas)^) is strongly asymptotically developable to 

{/{l,2,3},(ai,#2 )}/32 SZ>o 

on S {3} for each (01,0:3) € Z> 0 . 


/Mixed asymptotics (Majima-Takeuchi). In this case 


^x = 


(1 1 1 \ 

0 10. 

\ 0 0 1 / 


We have Z\ = { 0 }, Z 2 = {z 2 = 0 }, Z 3 = {23 = 0 }, Then we can define a nor¬ 
mal deformation X = C 3 x M 3 with the map p(z; t ) = (t\z\, t\t 2 z 2 , t\t 3 z 3 ). 
By Proposition II. 101 the zero section S x of X has a vector bundle structure 


S x — Tz 1 (Z 2 n Z 3 ) x Tz 2 nz 3 Z 2 x Tz 2 rz 3 Z 3 . 

X X 


The rational monomials ip- 1 , j = 1 , 2 , 3 , are ip 1 1 (r) = r±, y? 2 1 ( r ) = 

j n 

V 3 l i T ) = —• Let £ = (£i,£ 2 , £ 3 ), & 7^ 0 , i = 1 , 2 , 3 . A cofinal family of C(£) 
n 

is C(£,F°) consisting of elements S(W,e), W = W\ x VP 2 x W 3 , defined as 
follows 

z k £W k (k = 1 , 2 , 3 ),' 


5 (W,e) 


< -2 E -X" 5 


zi\ < e, 

z 2 | < e\zi\, 


Z3\ < qz 1 


, 


where e > 0 and each W k is an M + -conic open subset in C containing the 
point £ fc . 
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We now construct the asymptotics. We have 5 ^} = 5 'n :2 } = *5(1,3} 
*5(1,2,3} = {0} and 




Zj^Wj (i = 1 , 3 ), 

< z € Z 2 ; \ Zl \ < e, > , 

N<eN 




Zj€Wj O' = 1,2),' 

< z € Z 3 ; \ Zl \ < e, > , 

\z 1 \<e\z 2 \ 


* 5 ( 2 , 3 } — ) Z G Z2 D Z3 


Zi € W\, 


N < e J 

A total family of coefficients of multi-asymptotic expansion is given by 


F = 


{-Ffl} > ^{2}, -^{3} * F {\,2 }, F {1,3}, F {2,3} > -^{1,2,3} } 
{{/{l},/3}/3eZ2, 0 ) {f{2},k( z l, Z3)}keZ> 0 ,{f{3},k( Zl ’ Z 2)}keZ> 0 , 
{/{l,2},^}/3ez3 0 , {f{l,3},p}pez% 0 > {f{2,3},a( z l)}aez.% 0 ’ 

{/{l,2,3},/?}/?eZ| 0 } - 


where f {2}tk (z 1,2:3) (resp. f{ 3 y >k {zi, z 2 ), resp. /{ 2 ,3},a(^i)) is holomorphic in 
5 ( 2 } (resp. S {3} , resp S{ 2 , 3 }) and /{i} )( g> f{i,2},fh /{i,3},/3> /{i,2,3},/3 € C. An 
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asymptotic expansion App <N (F-, z), N = (ni, 712,773) € Z > 0 is given by 


T n)( F - *)= E fwi 

8 i+ 82 + 83 <m 


8 1 ^82 83 


Z, Z 0 Z. 


2 ^"3 


PiWM ’ 

k 


Pl,P2, P 3 € Z> 0 , 


r { 2 f ( F ; z ) = Y 1 /{2},fc(21,23)^-, k G Z> 0 , 


k<n 2 


T{3} (f ; *) = E /{ 3 }, fe (^i^ 2 )^, k G z> 0 , 


k<ri3 


T (u)< F ' *) = E 


/Si .As 


Z Zi, Z 


2 ^3 


/3i+/32+/33<m 

82<U2 


Alftlft! 


r (u)( F ^ *) = E toi 


„£i -F3 


/ 3 i+/ 32 +/? 3<«1 

83 <n -3 


PiWM 


Pi, P 21 P 3 € Z> 0 , 


Pl,P2,Pz ^ ^>0, 


T (A)< F; *) = E /(2,3>,«( Z l) 


02 <U 2 

Q3<nz 


02 a 3 
^2 ^3 

« 2 !o 3 ! ! 


« 2 , «3 € Z>q, 


r { 1E,(F; *)- E fowl 


v 0i ,A2 


App <iV (F; z) = T<; v (F; z) + T<? (F; z) + T<" (F; z) 


/ 3 i+/ 32 +/? 3<«1 
82<ri2 
83 <113 

n<N 


<Nf 


P 11 P 2 W ’ 




Pl,P2, P3 £ %>0, 


- TfAAF; z) - T<" (F; 2) - T<» (F; *) 


{1.2}' 
+ T ’(1E)(^ 2 >- 


■{1.3} 


{2.3} V 


We say that / is multi-asymptotically developable to F along y on S = 
S'(IF, e) if and only if for any cone S' = S(W',e') properly contained in S 
and for any N = (711,112,113) G Z> 0 , there exists a constant Cg'.N such that 

| f(z) - App <iV (F; z)| < C s >M^\ ni - n2 - n WW 3 ( z e -S"). 

The family F is consistent if 

• f{!},8 = /{i, 2},/3 = /{i, 3},/3 = /{i, 2 , 3},/3 for each p G Z| 0 , 
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/{ 2},k( z u z 3) is strongly asymptotically developable to 

{{/{l,2},(/3i,fc,/33)}(/3 1 ^ 2 )gZ| 0 >{/{2,3},(fc,Q3)(-l)}a 3 eZ>0> 
{/{l,2,3},(/3i,fc,/33)}(/3i,/3 3 )GZ| 0 } 

on S {2} for each k € Z>o, 

f{3},k( z h A is strongly asymptotically developable to 

{ {/{l,3},(/3i,/3 2 ,fc)}(/Ji,/3 2 )GZ^ 0 i {/(2,3},(a 2 ,fc) (~l)}a 2 gZ> 0 , 
{/{l,2,3} ! (ft^ 2 ,fc)}( ( 9 1 ,ft)eZ| 0 } 


on jS/31 for each k € Z>o, 

• /{2,3},(a 2 ,a 3 )(-2-1) is strongly asymptotically developable to 

if {1 >2,3}, (/3i ,Q;2,Q!3 )}/3 iSZ>q 
on <S|2,3} for each (a 2 , 03) € Z> 0 . 

These are the asymptotics of [Bj (mixed case) in C 3 . 


/Mixed asymptotics (2 lines clean intersection-Takeuchi). In this 

case 

/ 1 1 ° \ 

A = 011 . 

V 0 0 1 / 

We have Z\ = {z\ = z 2 = 0 }, Z 2 = { z 2 = z 3 = 0 }, Z 3 = { 2:3 = 0 }. 
Then we can define a normal deformation X = C 3 x M 3 with the map 
p(z; t ) = {t\z\,tit 2 z 2 ,t 2 t 3 z 3 ). Set Z = Z\f\ Z 2 . By Proposition 11.101 the 
zero section S x of X has a vector bundle structure 


S* — TzZi x TzZ 2 x 


TX x Z 
x 


X 


xTZ\xZ + TZ 2 xZ 
x x 


The rational monomials V?, 1 , j = 1 , 2 , 3 , are = n, (/7 2 1 (r) = —, 

J Ti 

/3 _1 ( r ) = ““■ Let £ = (£1,62,£3), £j / 0 , i = 1 , 2 , 3 . A cofinal family of 
T2 


163 







C(£) is C(£, F°) consisting of elements S(W, e), W = W\ x W2 x f'f'3, defined 
as follows: 


S(W,e)= { 


z£l; 


*k€W fc (A: = 1,2,3), 

N < e, 

M < e\zi\, 

MM < e\z 2 \ 




where e > 0 and each is an M + -conic open subset in C containing the 
point 4. 


*%} = < 


We now construct the asymptotics. We have SA 2 } = *S'{i,3} = S{i,2,3} = 
{0} and 

z 3 ^ w 3 , 1 

{ 1*31 < e J 

f -21 G PTi,l 

S{2} = %3}= |*€Z 2 ; |, 

(j = 1,2),' 

* € Z 3 \ \z\\ < e, 

M < eM 

A total family of coefficients of multi-asymptotic expansion is given by 

F = >^{ 3 } >-^{ 1 , 2 } >-^{ 1 , 3 } >^{ 2 , 3 } >-^{ 1 , 2 , 3 }} 

= {{/{l},a('^3)}aeZ2 , 0 1 {/{2},a(*l)}aSZ?, 0 > {/{3},fc(*l > *2)}fceZ> 0 , 

{/{l,2},/3}/3eZ?. 0 ) {/{l,3},/8}/36Z|. 0 ) {/{2,3},a(*l)}aeZ?. 0 > 
{/{i,2,3}, i a} j 9ez| 0 }> 

where /{i}, a (z 3 ) (resp. /{ 2 }, a (zi), resp. /{3},fc(^i, ^2), resp. /{ 2 ,3},a(*i)) 
is holomorphic in Sm (resp. SW, resp. SW, resp. <S'{2,3}) and f{i},/9> 
/{i, 2 },/ 3 j f{1,3}, 0 i f{1,2,3 },/3 £ C. An asymptotic expansion App <JV (F; z), 
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N = (711,712,713) € Z > 0 is given by 


Tfi ?(F;*)= E 

Ql+02<ni 


Oil ~otl 


Zi Z, 


aila^! 


T<f (F; z)= Y, A2},a(^i) 


~«2 ~03 

~2 ^3 


02+03<ri2 


Ck 2 - Q; 3 - 


ai, «2 € Z>o, 

«2, «3 ^ Z> 0 , 


k 

T{ 3 } (F ; ^) = E /{ 3 }) fc(« 1 ^ 2 )^, fc G Z> 0 , 


fc<ri3 


fc! 


~Pl Pi p3 

4 /1 /6q /6q 


^,(+2) = E ■ ft.&.&e z>„, 


/ 5 i+/? 2<«1 

Pl+p3<ri2 


Tfi%(F;z)= E /( 


~/ 3 l ~#2 /?3 
Z 1 z 2 z 3 


Pl+Pl<ni 

P 3 <n -3 




r<^(F; 2) = E /{2,3},«(2l) 


02+03 <712 

Q 3 <n 3 


02 r «3 

^2 ^3 
a2!a3! 


r S, 3 )( F ^)= E 7 {l, 2 , 3},/3 + 


~Pi ~#2 J33 


/ 9 i+/ 32 <m 

p 2 +P 3 <n 2 

p 3 <n -3 


PiWM ’ 


/3l, /?2, /?3 G Z>0, 


«2, «3 € Z>q, 


P 1,^2, @3 G Z> 0 , 


App <,v (F; 2) = T,<f (F; 2) + T,<f (F; 2) + T { <f (F; 2) 

- 7{$,(F; *> * T W)( F - 2 ) - T H!S}(F z) 

<N 


+ F, 


{ 1 , 2 , 3 } 


(F; z). 


We say that / is multi-asymptotically developable to F along x on S = 
S'(IF, e) if and only if for any cone S' = S(W' 1 e') properly contained in S 
and for any N = (771,712,773) € Z> 0 , there exists a constant Cs>,n such that 


| f(z) - App <iV (F; z )I < C' S / )JV |zir i - n2+n3 |z2| na " n3 k3r 3 (* G 5 '). 


The family F is consistent if 

• f{i,2},p = f{i, 3 },p = f{1,2,3},p for each /? € Z| 0 , 

• /{2},o = /{2,3},o for each a G Z| 0 , 
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• ,o 2 ) (^3) is strongly asymptotically developable to 

{/{l, 2 , 3 },(ai ,Q! 2 , P3)) P 3^>0 
on St 11 for each (a±,a2) G Z> 0 , 

• /{2},(o 2 ,03)( 2: i) st ron gly asymptotically developable to 

{/{ 1 ) 2 , 3 },(^1 ,Qi 25 Q: 3 )}/ 3 iSZ>o 
on S {2} for each (0:2,0:3) € Z>o, 

• /{ 3 },k(*i,* 2 ) I s strongly asymptotically developable to 

{l, 3 },( / 9 i, i a 2 ,fe)}( ) 9 i,/ 32 )ez| 0 ’{/{ 2 , 3 },(a 2 ,fe)( z l)}a 2 ez> 0 ) ' 
on S'{3j for each A; G Z>o- 

5.4 Classification of multi-asymptotics for the case of two 
submanifolds 

Let us now consider X = C n with variables z = (z^\ ..., z^), where 
z( k \ k = 1 ,..., m, denote the coordinates blocks (z lk i; ..., Zi k ) (we forget 
z(°) to lighten notations). We first consider the normal deformation (and 
the associated multi-specialization and asymptotics) in the two manifold 
case, i.e., x = {Z\ , Z 2 } with Zj = {z^ = 0 , k G Kj}, Kj C {1 
j = 1 , 2 . Remark that Z\ and Z 2 may coincide. Then, we give all possible 
non-degenerate multi-asymptotics for the case of two manifolds with two or 
three coordinates blocks. 

The action associated with \ is now defined by 

Hj(z, A) = (A.., A a ^ z (m)) (j = 1; 2 ) 

with ciji non-negative rationals, dji 7^ 0 if i € Kj, aji = 0 otherwise. The 
associated matrix A x is 

( «n • • • aim 

021 • • • «2m 
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and we assume for simplicity that all the columns are non zero. We also 
assume that the action is non-degenerate and that the matrix A' x consisting 
of the first two columns of A x is invertible. Then we can define a normal 
deformation X = C n x R 2 with the map p : X —>• X defined by 

p(z- t ) = (z (0) , <pi.. ,(p rn (t)z < ' m) ) 


with 


( 5 . 1 ) ip k (t) = t 1 lk t 2 2k (k = l, 2 ,...,m). 


Following the notations of Section [ 2 ] we are going to study the family of 
multicones C(£) associated to a point £ = (£1,... , £ n ) € S x . The rational 
monomials ipj 1 , j = 1,2 are determined by A' ~ l , where 

J A. 


A' 


an 012 
«21 «22 


and A' 1 =- 

011022 — 012021 


a 22 — 012 

—021 On 


Setting d = -, we have <p 1 x (r) = (t“ 22 t 2 a21 ) d and p 2 1 ( r ) = 

011022 — 012021 

(rj~ ai2 T 2 11 ) d ■ For k > 3 we have 


V’fc('r) 


Tk 


^ T ^lk a 22—<l2k a 12 T ^2k a ll— a lk a 21 )d ' 


Here we may assume d > 0 by exchanging the first and the second columns 
of A x if necessary. Suppose that £ is outside of the set of fixed points. By 
definition (up to take a permutation of coordinates blocks), we may assume 
that £W,£( 2 ) ^ 0 . Further, for simplicity, we also assume £ to be normalized, 
that is, |£^^| = |£( 2 )| = 1 . A cofinal family of C(£) is C(£,F°) consisting of 
elements S(W, e), W = W\ x • • • x W m , defined as follows 


S(W,e) = 


z {k) € W k (fc = l,...,m), 

y(i)\ a jj / £d \ AA\ a ji 


l* v 'T" < e*\ Z u>\ a » (i,j€{ 1,2}, i/j), 


z e X; 


|£ (fe) | — e < 


A k ) | 


(l^fl) |«ifca22— a-2k a l2 H(2) | a 2fc a ll — o.ik a 2l 'jd 

<|£ (fc) |+e (k > 3 ) 
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where e > 0 and each Wj~ is an R + -conic open subset in C nk containing the 
point 

We now construct the asymptotics. We recall the notations of Section [ 3 l 
Set K {j} = Kj, j = 1 , 2 , Ji {1)2} = K\ U K 2 and Zj = {z^ = 0 , k e Kj} for 
0 7^ J C { 1 , 2 }. For any subset J C { 1 , 2 }, we denote by z ^ the set of the 
coordinates z^’s with k € Kj and by Zq ' 1 the set of the coordinates which 
do not belong to z^ J \ i.e., z^’s with k € { 0 , 1 ,..., m} \ Kj. Hence, the 
coordinates of Zj are given by zf!\ The ttj denotes the canonical projection 
from X to Zj defined by z —>• z^. 

Remark 5 . 1 . The notations zS J ' 1 and Zq^ are denoted by z^ Kj ^ and z^ Kj ^ 
in Section 0 respectively. To make the notations light, we use z^ and z^ 
instead of z^ Kj ^ and z^ Kj ^ through the section. Similary we use zj^J instead 
ofZ^ 0 j) hereafter. 

Given S(W, e), set Sj = it j{S{W,e)). A total family of coefficients of 
multi-asymptotic expansion is given by 

F = { F {1}i F {2}i F {1,2}} 

= {{/(1),o( 4 {1|) )} mZ «>». {/{2>,a(4 <2,, )} o€ Z«>l)> 

where /j iQ is holomorphic on 5 j, a € Z> 0 , 0 / JC { 1 , 2 }. Here 
zgj = {(« (1) , • ■ ■ ,« (m) ) € Z^ 0 ; a« = 0 , k $ Kj) . 

Let a a be the less common multiple of the denominators of (iji, j = 1 , 2 , i = 
1 ,..., m. We are now ready to define an asymptotic expansion App <N (F-, z), 
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N = (ni,n 2 ) € Z?, 0 . 

It is 

given by 





T<f(F; 

z) 

= 


£ 


/{l},a(4 {1}) ' 

z a 

)— 

a\ ’ 

aez« i}) , 



an|o 

:«|+- 


|<m /a A 



T<f(F; 

z) 

= 


£ 


/{ 2},a(4 {2}) ' 

a 

)— 

a\ ’ 

«Ezg }) , 



a,2i\a 

:«|+- 


| <Ti2 / <y a 



Tfi N 2 } ^ 

Z) 

= 


£ 


/{l,2},a(4 {1 ’ 

2 }) \ z a 

’ a\ ’ 

a € zg 



an|o 

:«|+- 


|<rn /a A 






021 |a 

W|+- 

■■+a 2 m|a (m) 

\<m Fa 




App <N (F-, 

z) 

= T<f (F- 

z) + T$ 

(F- z ) - 

-T^F-z 

)■ 



We say that / is multi-asymptotically developable to F = { Fr ] 1 , F{ 2 } , -^{1,2}} 
along x on S = S(W,e) if and only if for any cone S' = S(W',e') properly 
contained in S (i.e. W' k \ { 0 } C W^. k = 1 ,... ,m, and e' < e, cf. Definition 
13 . 151 ) and for any N = (ni,n 2 ) E Z> 0 , there exists a constant Cs',n such 
that 

| f(z) - App <n (F- z) I < C' 5 ',iv(|2 (1) r 22ni_0l2n2 k (2) r iin2 “ a2iril ) <i/<TA (z € S'). 

We are now ready to compute the fibers of the specialization of Whitney 
holomorphic functions at £. Let 0 \ be the subanalytic sheaf of Whitney 
holomorphic functions on X. Then 

S S S' 

where S ranges through the family {£(W, e)}w,e, S' ranges through the fam¬ 
ily of multicones properly contained in S. 

We are now going to classify multi-specializations and associated asymp¬ 
totics in the two manifolds case for m < 3 . We perform the classification 
by 

• the number m of columns of A x , 

• the number of non-zero entries of A x (denoted by N ) assuming that 
the action is non-degenerate (in that case we are reduced to the one 
manifold case) 
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If m = 1 the action is degenerate, so we consider m = 2 , 3 . Moreover, the 
fact that row (resp. column) permutation and row (resp. column) mul¬ 
tiplication by a positive rational number do not change the multi-normal 
deformation and the associated asymptotics (up to permutation of variable 
blocks) , we may classify A x up to these operations. In particular, we as¬ 
sume an = 022 = 1 and 1 — 012021 > 0 . 

Let us consider the case m = 2 . We have 2 coordinates blocks z ^ = 
{z\, ■ ■ ■ , z mi j and z (2) = {z mi +i,..., z mi+m2 } (mi + m 2 = n). In this case 
there are 5 possibilities. 


/ Case m = 2 and IV = 0 , 1 . The action is degenerate. 


/ Case m = 2, N = 2. In this case 


*x = 


1 0 
0 1 


We have Zj = {z^ = 0 }, j = 1 , 2 . Then we can define a normal deformation 
X = C” x M 2 with the map p(z; t ) = (tiz^, t 2 z^). The rational monomials 
pj 1 , j = 1,2 are <^ 1 " 1 (r) = ri and ^^(t) = t 2 . A cofinal family of C(£) is 
C(£,F°) consisting of elements S(W,e), W = W\ x W 2 , defined as follows 


S(W,e) 


M 


zeX- 


£W k 


\z®\<e 


(k = 1 , 2),1 

(* = 1.2) j 


where e > 0 and each W k is an M + -conic open subset in C mfc containing the 
point ^ k \ 


We now construct the asymptotics. We have 

j e {I. 2 } 


S{ii 


z G Zf, 


z (i) eWjA 

\z®\ <e J ' 


{pt} and, for i / 
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A total family of coefficients of multi-asymptotic expansion is given by 


F = { F {1}’ F {2}’ F {1,2}} 

= {{/{l},a(^)} ae z>i x{0} m 2 > {/{ 2 },a(z^)} ae {o}"*i xZ “ 2 > 

{/{l,2},a}aeZ| 0 } , 

where /{i}, Q (resp. /{ 2 }, a ) is holomorphic on 5 { 2 } (resp. S^}) and f{i, 2 },a G 
C. An asymptotic expansion App <JV (F; z), N = (rti, n 2 ) G Z> 0 is given by 

T<f(F;z)= ]T / {1} , a (z< 2) )^, 

la^ 1 ) |<ni 

T<^(F; z) = ^ / {2} , a (z«)^, a G { 0 }^ x Z£g, 

|a( 2 ) |<n 2 

Tg}(F;z)= ^ / { i, 2}) «^, «G Z£ 0 , 

la^^ni, |a( 2 ^|<ri 2 

APP <N (F; z) = T<f (F; z) + T<f(F; z) - T< N 2 } (F; z). 

We say that / is multi-asymptotically developable to F = {Fni,Fr 2 |,TA 2 \} 
along x on S = S(W,e ) if and only if for any cone <S" = <S , (W / ,e / ) properly 
contained in S and for any N = (ni,n 2 ) G Z> 0 , there exists a constant 
Cs>,N such that 

|/(z) - App <n (F; z) | < C^ivk (1) | ni k (2) r G 5 '). 

The family F is consistent if 

• /{i},(a (1) ,o)(A^) is strongly asymptotically developable to 

on Sjjj for each G Z>q. Namely, for any cone Si } j properly 
contained in and for any n 2 G Z>o, there exists a constant Cg/ „ 2 
such that 

/{i},(ad),o)( z(2) ) “ X] /{1,2},( 

|«( 2 )|<n2 


(z( 2 ))“ C 
* (2) ) 0 ,( 2 )! 


<Cs Uy n^' 2) \ m . 
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f{2} (oaP))( z ^) is strongly asymptotically developable to 
{/{l,2},(a( 1 ),a( 2 ))}a( 1 )ez> ( 5 

on S {2} for each € Z>q. Namely, for any cone S| 9 | properly 
contained in Sm and for any n\ G Z>o, there exists a constant C s > ni 
such that 

/{2},(0,a(2))(^ (1) ) - /{l,2},(a( 1 ),a(2)) ( ' Q J), < C S' {2} ,m |« (1) I" 1 - 

la ^ 1 )\<ni 


/ Case m = 2 , N = 3 . In this case 


4 c = 


with b G Q>o- We have Z\ = { 0 }, Z 2 = {z^ = 0 }. Then we can define a 
normal deformation X = C n X M 2 with the map p(z; t) = 

The rational monomials tpj 1 , j = 1 , 2 , are <^^ 1 (r) = ri and ^ 1 (r) = 

r i 

A cofinal family of C(£) is C(£,F°) consisting of elements S(W,e), W = 
Wi x l'T 2 , dehned as follows 

z {k) eW k (A: = 1 , 2 ),' 

5 (W,e)= <zGA; |z«| < e, >, 

\z®\<e\z^\ b 

where e > 0 and each W k is an M + -conic open subset in C mk containing the 
point 


We now construct the asymptotics. We have S;u = <S’{i,2} = {pt} and 

„ _ / c 7 * (1) e >U,\ 

8,21 | 2; u w i < e • 


A total family of coefficients of multi-asymptotic expansion is given by 

F = { F {1}’ F {2}, F {1,2}} 

= {{/{l}.a}aeZ| 0 ,{/{2},a(^ (1) )}„ e {o}-lxZ^ 2 ’{/{l,2},a}aeZ| 0 } , 
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where /{2},« is holomorphic on and /{i}, a > f{i,2},a € C. Let a a be the 
denominator of b. An asymptotic expansion App <N (F] z ), N = (77-1,712) € 
Z > 0 is given by 


rfi<N 

(A 

*) = 

E 



a € Z> 0 , 




lad) |+b|a( 2 )|<m/<TA 



to A 

(A 

*) = 

- E 

/{2},a( 

~gl 

* (1, 4 

a € {0} mi X Z™ 2 




|«( 2 )|<n2/cTA 



rn<N 

J 1L2} 

(A 

*) = 

- E 


wS 

, a G Z£ 0 , 




lot 1 ) |+6|a( 2 )|<m/(T^4 





|o( 2 )|< n2 / CTA 



App <iV 

(A 

*) = 

= T { <f (F; z) 

+ T<f(F; z)- 

rg,(F; z). 


We say that / is multi-asymptotically developable to F = {-Fni, TWj F{i,2}} 
along x on S = S(IV. e) if and only if for any cone S' = S(W',e') properly 
contained in S and for any N = {ni,n 2 ) € Z> 0 , there exists a constant 
Cs',n such that 

| f(z) - App < 7 V (F; z) | < (* € 5 '). 

The family F is consistent if 

• f{i},a = f{i, 2 },a for each « e z >0> 

• /r 2 | (o a (2))(z^) is strongly asymptotically developable to 

if{ 1 , 2 },(aW M 2 ))} aW 

on iS"j2j for each A 2 i € Z>q. Namely, for any cone iSE, properly 
contained in Sr 2 } and for any ri\ € Z>o, there exists a constant C s > ni 
such that 

/{2},(0,a(2))(^ (1) ) - /{l,2},( tt (V J >)^ a (l)| < C S' 2} ,mk (1) | ni - 

la^ 1 ) |<ni 
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/ Case m = 2, N = 4. In this case 


A = 


1 b 

c 1 


with b, c € Q>o and 1 — 6 c > 0 . We have Z\ = Z 2 = { 0 }. Then we can define 
a normal deformation X = C n xR 2 with the map p(z\ t ) = t\t2Z^). 

1 


Set d = 


1 — be 


The rational monomials 1 , j = 1 , 2 are <^ 1 1 (r) = ^ 


T 2 


and <p 2 (t) = . A cofinal family of C(£) is C(£,F U ) consisting of 

elements S(W,e), W = W\ x W2, defined as follows 

z (k) eW k (k = i, 2 ),) 

S(W,e ) = |z«| < e^|^ (2) | c , 

|z (2) | < eS|z (1 Y 




where e > 0 and each W k is an M + -conic open subset in C mfc containing the 
point ^ k \ 


We now construct the asymptotics. We have SAi = SW = Fn 2} = { 0 }. 
A total family of coefficients of multi-asymptotic expansion is given by 

F = { F { 1 }’ F { 2 }, F { 1 , 2 }} 

= |{/{l},«}a6Z" 0 i {/{2},o}aSZ" 0 i {/{l,2},a}o€Z5 0 | , 

where /{i}, a >/{ 2 },a>/{i, 2 },a ^ C. Let a a be the less common multiple of 
the denominators of b, c. An asymptotic expansion App <N (F; z), N = 
(ni,n 2 ) € is given by 


T^(F- z) = 


Y /{i}. 

la^ 1 ) |+6|a( 2 ) |<ni/cr^4 

{ 2 } V - 1 , *) ~ Y -^{ 2 } 

c\a^ | + |a( 2 ) \<n2/cTA 


rf 2 f (F; *) = 

r { <J,(F; z) = 


a. 1 1 

a\ 


a 1 5 

a\ 


a € Z> 0 , 


a G Z^ 0 , 


X] Ab 2 }, 

|»W |+fe|ch 2 ) ^ni/cr^ 
clot 1 ) |+|ch 2 ) |<n2/eoi 


« 1 > 

a! 


«ez n 


>05 


App<" (F; z ) = (F; z) + T<f (F; z) - T, 


{ 12 } (^; *) 
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We say that / is multi-asymptotically developable to F = { T)n, F{ 2 }, -^{1,2}} 
along x °n S = S(W,e) if and only if for any cone S' = S(W',e') properly 
contained in S and for any N = (ni, n 2 ) € Z> 0 , there exists a constant 
Cs '. V such that 

| f{z) - App <n {F- 2 )| < C S 'M\z W \ ni - bn 2 \z { 2 ) r- cni ) d/aA (z G S'). 
The family F is consistent if 

• f{l},a = f{2},a = /{l,2},a for each « G Z^ Q . 


Let us consider the case m = 3 . We have 3 coordinates blocks 


2« 

2 < 2 > 


{21, . . • , 2 mi }, 

{^mi+l) • • • 

{^mi+m2+li ■ ■ ■ j 2mi+ni2+ni3 


}, 


with mi + m2 + m3 = n. Up to row (resp. column) permutation and row 
(resp. column) multiplication by a positive rational number there are 5 
interesting cases. 


Z Case m = 3 , N = 3 . In this case 


*x = 


1 0 e 
0 1 0 


with l/e£ Q>o- We have Z\ = {z^ = 2® = 0 } and Z2 = {2^ = 0 }. 

Then we can define a normal deformation X = C n x R 2 with the map 

p(z ; t) = (tiz^ l \t2Z^ 2 \t\z^). The rational monomials ipj 1 , j = 1,2 are 

<y9^" 1 (r) = ri, ^ 1 (r) = T2 and V>3 = A cofinal family of C(£) is C(£,F°) 

T i 

consisting of elements S(W, e), IT = ITi x W2 x IT3, defined as follows 


S(W,e) 


2 (fc) GW fc (fc = 1 , 2 , 3 ),' 

< 2 € X; \z^\ < e (j = 1 , 2 ), > , 

|2 (3) | < e|2 (1) | e 
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where e > 0 and each Wk is an M + -conic open subset in C mfc containing the 
point 


We now construct the asymptotics. We have Sin 2 \ = {0} and 

z (2) G W 2 ,) 


S { 1} — < z € Z i; 


z^l < e 


S {2} = l 


z (j) eWj (j = l, 3), 1 
|z (1) | <e, 


|z (3) | < e|z (1) | e 


A total family of coefficients of multi-asymptotic expansion is given by 


F = {F {l} ,F {2} ,F [h2} } 

= {{/{l},a(z^)} a6 z™i x{ 0} m 2 xz“ 3 t 

{/{2},a(^ ^ z ^)}ae{0} m lxZ> 2 x{0} m 3> {/{l,2},a}aeZ| 0 | j 

where is holomorphic on SAi, j = 1,2 and /r i i2 },« £ C. Let a a be the 

denominator of e. An asymptotic expansion App <Ar (F; z), N = (ni,n 2 ) G 

^> 0 > is s iven by 

T$(F; z) = £ / { i>,«(* (2) )^, a € x {OH x Z^g, 

|+e|a( 3 ) |<ni/cr^4 

T<f (F; z) = £ /{ 2 },a(^ (1) ^ (3) )^, « € {Or x Z£g x {0}"*, 

|a( 2 )|<»i 2 /o-A 

r<2 } (F;z)= 2 /{i,2},a^, «ez| 0 , 

|c«0)|-|- e | Q! ( 3 )|< n i/ <7j4 

|a( 2 ^|<n2/(TA 

A PP <iV (F; z) = T<? (F; z) + T<f (F; z) - T<J } (F; z). 

We say that / is multi-asymptotically developable to F = {Fru, Fm, Fn 2 \} 
along x on S' = S(W. e) if and only if for any cone S" = S(W',e') properly 
contained in S and for any N = (ni,n 2 ) € Z> 0 , there exists a constant 
Cs>,n such that 

|/(z) - App <Ar (F; z)| < Cs'M\z (1) n* {2) r) 1/,TA ( z € 5 ')- 
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The family F is consistent if 


/{ 1 } ( Q (n 0a(3 ))(z( 2 )) is strongly asymptotically developable to 

{f {1,2},(ad) ,a( 2 ) ,a( 3 )) 1 a( 2 ) 

on 5{!} for each G Z>q, i = 1,3. Namely, for any cone SL prop¬ 
erly contained in Sju and for any n 2 G Z>o, there exists a constant 
Co, such that 

0{ 1 j,n 2 


f ( z ( 2 h- f l z(2) )' 

J {1},(q.^ ,0,a( 3 )) ) / j /{l,2},(a( 1 ),a( 2 ),Q'( 3 )) q/(2)| 

|q;( 2 ) | <77-2 

<C s;i) «N (2| l”, 


y( 2 ) 


/{ 2 },(o,a( 2 ),o)(^ 1 ^ ) is strongly asymptotically developable to 

{f{l,2},(aW ,a( 2 ),a( 3 )(la) 1 ) eZ™ 3 ,a( 3 )eZ> 3 

on S {2} for each G Z>q. Namely, for any cone S| 9 | properly 
contained in 5{ 2 } and for any ri\ G Z>o, there exists a constant C s , ni 
such that 

|/{2},(o,a( 2 ),o)(^ (1} ^ (3) ) 

^ , (zW)“ (1) (^ 3 ))“ (3) , 

2^ /(l,2},(ad),a( 2 ),a( 3 )) a (l)! a (3)t I 

|a( 1 )|+e|a( 3 ) \<n\/(7A 


< Cs' m , ni \z 


(1) \n\/o A 


/ Case m = 3, N = 4. In this case we have two possibilities 


(a) 

(b) 


= 


1 be 
0 1 0 

1 b 0 
0 1 e 


6,e G Q>o, e/1, 


b,e G Q>o 
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/ Case m = 3,N = 4 (a). We have Z\ = {0} and Z 2 = { z^ = 0}. 
Then we can define a normal deformation X = C n x M 2 with the map 
p(z; t ) = The rational monomials ^J 1 , j = 1,2 are 

99 ^" 1 (r) = ti, ^ 1 (r) = —^ and ^3 = A cofinal family of C(£) is C(£,F 0 ) 

T i T i 

consisting of elements 5 (W, e), W = W\ x W 2 x W3, defined as follows 


S(W,e) 


<z€X- 


z^ k) eW k (fe = 1,2,3),' 
|z (1) | < e, 

\zW\<e\zV\\ 
b (3) | < e|z (1) | e 


where e > 0 and each is an M + -conic open subset in C mfc containing the 
point 


We now construct the asymptotics. We have S;u = SA 2 } = {0} and 




z®€Wj (j = 1,3),' 

< z e Z 2 ; |z {1) | < e, > . 

|z (3) | < e|z (1) | e 


A total family of coefficients of multi-asymptotic expansion is given by 


F = { F {1}i F {2}, F {1,2}} 

= |{/{l},a}aeZ5 0 , {f{2},a( z ^\ )}ae{0} m i xZ™£x{0} 

{/{!,2},o}aGZ" 0 | , 


m 3 ? 


where /{ 2 },« is holomorphic on 5{ 2 } and /{i}, a , /{i, 2 },a € C. Let <7 a be the 
less common multiple of the denominators of b, e. An asymptotic expansion 
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App <N {F- z ), N = (711,7*2) £ Z> 0 is given by 

T<f(F;z) = J2 /{i},«^> «e^ 0 , 

la^ 1 ) |+6|a( 2 ) |+e|a( 3 ) | < 711 / 0 -^ 

rf 2 f(F ;Z )= xi /{2),a(* (1) ,* (3) )^, «€{«rxzjjx{or 

|a( 2 )|<n2/o- y i 

r<2 } (F;z)= ]T / {1 , 2 },a~y > a€Z| 0 , 

|+6|a^ 2 ^ |+e|o!^ 3 ^ |<ni/cr^4 
|a( 2 )|<n2/crA 

App <iV (F; z) = r<f (F; z) + T<f (F; z) - T< N 2} (F ; z). 

We say that / is multi-asymptotically developable to F = {Fm, Fr 2 }, Fn 2 }} 
along x on S = S(W. e) if and only if for any cone S" = S'(W / ,e / ) properly 
contained in S and for any N = ( 711 , 7 * 2 ) € Z> 0 , there exists a constant 
Cs>,n such that 

| f(z) - App <7V (F; z)| < C s >M\^Y 1 - bn V 2) n 1/ ^ A {z G -5')- 


The consistent family in this case is described as follows: 


- f{iy,a = f{i,2},a for each « G Z| 0 , 

— /| 2 j (o a (2) 0 )(^ (1) ^ (3) ) is strongly asymptotically developable to 


1 f {1,2},(at 1 ) ,at 2 ) ,a( 3 ))}ch 1 ) EZTIq 

on 5"|2| for each € Z>q. Namely, for any cone 5'j 2 j properly 
contained in Si 2 } and for any 7*1 € Z>o, there exists a constant Cg> ni 
such that 

|/{2},(0,a(2),0)(^ (1) ^ (3) ) 

^ , (zW)“ (1) (z( 3 ))“ (3) , 

Z_^ /{l,2},(a( 1 ),a(2), a (3)) a (l)l a (3)| I 

|aP) \+e\a^>\<n\/a a 

<Cg / 

— *{2},ml I 
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/ Case m = 3,1V = 4 (b). We have Z\ = {z^ = = 0} and Z 2 = 

{z^ = z ^ = 0}. Then we can define a normal deformation X = C” x M 2 
with the map p(z ; t ) = (tiz^jt^z^jt^z^). The rational monomials tfij 1 , 


be 


j = 1.2 are (/^(r) = ri, ^ 1 (r) = —^ and ^3 = ' . A cofinal family of 

T 1 T 2 

C(£) is C(£,F°) consisting of elements S{W,e),W = W±x W 2 x W 3 , defined 
as follows 


S{W,e) 


z^eW k (k = 1,2,3),' 
|z (1) | < e, 

\z^\<e\z^\ b , 
\z^\\z^\ be < e\z (2) \ e 


where e > 0 and each is an M + -conic open subset in C mfc containing the 
point £( k \ 


We now construct the asymptotics. We have Sin 2 \ = {0} and 

^ (3) € W 3 ,) 


5{i } — < z £ Z 1 ; 


S{2} — \ z € 


|z( 3 )|<e 


z (1) G W\,' 
< e 


A total family of coefficients of multi-asymptotic expansion is given by 


F 


{F{i},F{2},F{ 1;2 }} 

{{f{l},a( z ^)} a eZ™£ xZ” 2 x{0} m 3 j 

{/{ 2 },a (^ (1) )}„e{0}™i xZ” 2 xZ“ 2 > {/{l,2},a}aeZ| 0 } , 


where f{j}, a is holomorphic on Sy\, j = 1,2 and //i )2 }, a £ C. Let <7 a be the 
less common multiple of the denominators of 6, e. An asymptotic expansion 
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App <N {F- z ), N = ( 711 , 7 * 2 ) £ Z> 0 is given by 

T<f(F-,z) = ]T a6Z^xZ^x{0r 

la^ 1 ) |+6|a( 2 ) | <n\/(TA 

T<f(F;z) = /{ 2 },a(* {1) )J, «6{0rxZ^x^ 

|a( 2 ) |+e|a( 3 )|<n2/(T J 4 

T { <2 } (F;z)= 2 /{i,2},o;~y > aeZJo, 

|c»( 1 ^|+6|a( 2 )|<m/o , A 

| at 2 ) |+e|a;( 3 )| <712/014 

App <iV (-F; z) = T<f (F; z) + T<f (F; z) - T<J } (F; z). 

We say that / is multi-asymptotically developable to F = {Fm, Fr 2 }, Fn 2 }} 
along x on S = S(W. e) if and only if for any cone S' = S(W',e') properly 
contained in S and for any N = ( 711 , 7 * 2 ) € Z> 0 , there exists a constant 
Cs',n such that 

| f(z) - App <n (F; z) I < Cs>M\^Y 1 - bn V 2) n 1/ ^ A (z G S'). 


The family F is consistent if 

• /{lbitWhch 2 ),!])^ 3 )) is strongly asymptotically developable to 


{/{l,2},(a( 1 ),a( 2 ),a( 3 ))}a( 3 )eZ> 3 

on 5{i| for each £ Z>q, * = 1,2. Namely, for any cone SFi prop¬ 
erly contained in >S7!} and for any 7*3 € Z>o, there exists a constant 

Co' such that 
°{1}’ 3 


|/{l},(a( 1 ),a( 2 ),0)( 2;(3) ) 

V , (^ (3) r (3) 

/{l,2},(«(!),«(2),a( 3 )) a (3)j 

|q;( 3 ) |<ri 3 


<C S ' 




,n-3 I 


d3)in 3 


• /r 2 | (o a ( 2 ) a( 3 ))( z< ' 1 ^) i s strongly asymptotically developable to 

{/{l,2},( a (i), Q ( 2 ),a( 3 ))} a (i)6Z^ 
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on 5 { 2 } for each € Z>q, * = 2, 3. Namely, for any cone <Sj 2 i prop¬ 
erly contained in 5'{2} and for any n\ € Z>o, there exists a constant 

CV n, such that 
D {2}’ ni 


Al.2}, 

lo^ 1 ) |<ni 


z d)y 


yW 


(a^ 1 ) ,o;( 2 ) ,a( 3 )) (i)| 


<C S . 


{ 2 } 


,n 1 1 




/ Case m = 3,N = 5. In this case 


^ = 


1 6 e \ 

0 1 / J 


with b,e,f G Q>o, bf ^ e. We have Zi = {0} and Z 2 = {z( 2 ) = = 0}. 

Then we can define a normal deformation X = C n x R 2 with the map 
p(z; t ) = (tiz^, t\t 2 Z^ 2 \ t\t. 2 z^). The rational monomials tpj 1 , j = 1,2 

are <^r 1 (r) = ri, ip^ir) = and ips = —^— 7 . A cofinal family of C(£) 

1 r l r 2 

is C(^,F°) consisting of elements S(W,e), W = W\ x W2 x W 3 , defined as 
follows 


S(W,e) 


z {k) eW k (A: = 1,2,3),' 
|* (1) | < e, 

|z ( 2 ) |<e|z«| 6 , 

|z (3) | < e|zW| e - 6 W 


where e > 0 and each l-fo,; is an R + -conic open subset in C mk containing the 
point 


We now construct the asymptotics. We have Si j } = S'r 1)2 } = {pt} and 

„ _ f 7 «wi.l 

(2 > “ j 6 2; |*M| < £ |' 

A total family of coefficients of multi-asymptotic expansion is given by 


F 


{F{l},F{ 2 },F{i2}} 

|{/{l},o}aeZJ 0 , {/{2),„(2 (1, )U {0} m ! xZ" 2 xZ” 3 > {/{!,2},a}aeZ| 0 | , 
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where /{2},a is holomorphic on Sr 2 \ and /{i}, a , /{i,2},a £ C. Let a a be 
the less common multiple of the denominators of b,e,f. An asymptotic 
expansion App <N (F; z ), N = (m,n2) € Z> 0 is given by 

T<f(F;z) = J 2 /{i},a~y > ae 2 > 0 , 

la^ 1 ) |+6|a( 2 ) |+e|o:( 3 ) |<ni/cr^4 

T<f(F;z) = £ /{2},a(^ (1) )^, « 6 { 0 rxZ™xZ^, 

|a( 2 )|+/|a( 3 )|<n2/<r.A 

r<J}(F;z)= 5; / { 1,2},4’ «ez> 0 . 

|a*T |+b|a( 2 ) |+e|a( 3 ) |< 71 ;l/( 7 A 

|a (2) |+/|a( 3 )|<n 2 /o- A 

App <iV (-F; z) = T<? (F; z) + T<f (F; z) - T<J } (F; z). 

We say that / is multi-asymptotically developable to F = {Fni, Fr 2 }, Fn 2 \} 
along x on S = S(W,e) if and only if for any cone S' = S(W',e') properly 
contained in S and for any N = (n\,n 2 ) € Z> 0 , there exists a constant 
Cs',n such that 

I f(z) - App <7V (F; z) I < C s >, AT(|z {1) r i “ bn2 |z {2) r 2 ) 1/c7A (z € 5 '). 

The family F is consistent if 

• f{l},a = f{l,2},a for each « e z >0> 

• /r 2 | (o a (2) a (3))(z^) * s strongly asymptotically developable to 

{•/^{1,2}, (at 1 ) ,ch 2 ) ,af 3 )) laf 1 ) 

on S {2} for each «b) £ Z>q, i = 2, 3 . Namely, for any cone S', 2 -, prop¬ 
erly contained in SW and for any n\ £ Z>o, there exists a constant 
Cqi such that 

0{ 2 },ni 

f / (1)\ V f ( z(1) ) a( } < r I (l)|m 

J {2},(0,al 2 ),o;( 3 )) / / v «/{l,2},(a( 1 ),al 2 ),a( 3 )) q;(1) I — ^^{ 2 } ,ni ' 

la ^ 1 )\<ni 
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/ Case m = 3 , N = 6. In this case 


1 be 
c 1 r 


A x = 


with b,c,e,r € Q>o, be / 1, br / e, ce / r and 1 — be > 0. We have 
Zi = Z2 = {0}. Then we can define a normal deformation X = C n x M 2 

with the map p(z\ t ) = t^z^, t\t r 2 z^). Set d, = ^ . The 

/ \ d / \ d 


rational monomials - 1 , j = 1, 2 are yu 1 (r) = ( — ) , <^ 2 1 ('r) = ( -7 ) 

J \i~ 2 J \t[J 


and 1/13 = 




_Ti_ 

e-br r-ce\d ' 


TV 


A cofinal family of C(£) is C^T 0 ) consisting of 


elements S l (W, e), W = Wi X W2 x W3, defined as follows 


S(W,e) 



€ W fc 

(k = 

1,2,3), 

\z& 

1 

< ed 

^ (2) | C , 


z € X] 




\ Z W 

< ed 

z^\\ 


k (3) 

l<e(l 

z w r 

br | 2) | r—ce^d 


where e > 0 and each Wk is an M + -conic open subset in C mk containing the 
point 


We now construct the asymptotics. We have SAi = Sm = SA 2 } = { 0 } 
and a total family of coefficients of multi-asymptotic expansion is given by 


F = i F {l}’ F {2}, F {l,2}} 

= {{/(!},a}a£Z| 0 > {/{2},a}a6Z| 0 , {/{l,2},a}a6Z| 0 | , 


where /{i}, a , /{ 2 },cn /{i,2},a € C. Let cr^ be the less common multiple of 
the denominators of b,c,e,r. An asymptotic expansion App <N (F; z), N = 
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(ni,n 2 ) € Z| 0 is given by 


T^(F; z ) 



lot 1 ) |+6|o( 2 ) |+e|cd 3 ) ICrai/o^i 




cjaf 1 ) |+|q( 2 ) |+r|a( 3 ) |<ri 2 /o ' y 4 



led 1 ) |+b|cd 2 ) \ +e\a^ \ <n\ / a a 
(jcd 1 ) | + |cd 2 )|+r|cd 3 ) |<7i2/cC4 



We say that / is multi-asymptotically developable to F = {^{ 1 }, ^{ 2)1 -^{ 1 , 2 }} 
along x on S = S(W,e) if and only if for any cone S' = S(W',e') properly 
contained in S and for any N = (ni,n 2 ) € Z> 0 , there exists a constant 
Cs',n such that 


| f(z) - App <Ar (F; z )I < C S 'M\* m \ ni ^\*®r- mi ) d/aA (* € S"). 


The family F is consistent if 

• f{i},a = f{ 2 },a = f{ 1 , 2 },a for each a € Z| 0 . 

In the other cases one of the following occurs: 

• the action is degenerate, 

• we reduce to m = 2. 

A Appendix 

In the Appendix we define conic objects and conic sheaves associated to 
multiple actions of M + . The proofs of the statements of Appendix [AT] and 
IA.2l can be found in [6]. In Appendix lA.3l we prove a decomposition theorem 
for open subanalytic subsets which is crucial for the computation of the 
sections of the multi-specialization. 
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A.l Conic sheaves 


Let A: be a field. Let A be a real analytic manifold endowed with a subana- 
lytic action p of M + . In other words we have a subanalytic map 

/i : X x K + -> I, 

which satisfies, for each t\,t 2 G M + : 

( p{x,tit 2 ) = p{p(x,ti),t 2 ), 

1 ) = X. 

Note that p is open, in fact let U G Op(X) and (ti,t 2 ) G Op(M + ). Then 
fj,(U,(ti,t 2 )) = \J te , tl t 2 )and p(-,t) : X —> X is a homeomorphism 
(with inverse We have a diagram 

X — 3 —> Xxl+ X, 

p 

where j(x) = (x, 1 ) and p denotes the projection. We have poj = poj = id. 

Definition A.l. (i) Let S be a subset of X. We set M+S 1 = p,(S,M. + ). If 
U G Op(A), then M + [7 G Op(A) since p is open. 

(ii) Let S be a subset of X. We say that S is conic if S = M + 5. In other 
words, S is invariant by the action of p. 

(in) An orbit of p is the set M + x with iGX. 

We assume that the orbits of p are contractible. For each x G X there 
are two possibilities: either M + x = x or R + x ~ R. 

Definition A. 2. We say that a subset S of X is M + -connected if S n M + x 
is connected for each x G S. 

Lemma A. 3. (i) Let S\,S 2 C X and suppose that S 2 is conic. Then 
M + (Si fi S 2 ) = M + 5i n S 2 . (ii) If Si and S 2 are M + -connected, then S\ n S 2 
is R + -connected. 

Let X , Y topological spaces endowed with an action (px and py respec¬ 
tively) of M + . 
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Definition A.4. A continuous function f : X —$■ Y is said to be conic if 
for each x E X, a E M + we have f(px(x,a)) = py(f(x),a ). 

Lemma A.5. Let f : X Y be a conic map. (i) Suppose that S C Y 
is M + -connected (resp. conic). Then f~ 1 (S) is M + -connected (resp. conic), 

(ii) Suppose that Z C X is conic. Then f(Z ) is conic. 

Let A be a real analytic manifold endowed with a subanalytic action of 
M + . Denote by X sa the associated subanalytic site. 


Definition A.6. A sheaf of k-modules F on X sa is conic if the restriction 
morphism T(M + t/ ]F) T(U'F ) is an isomorphism for each M + -connected 
U € 0p c (Xg O ) with R+U € Op(A sa ). 

(i) We denote by Mod K + (kx sa ) the subcategory of Mod(kx sa ) consisting 
of conic sheaves. 

(ii) We denote by D^ + (kx aa ), the subcategory of D b (kx sa ) consisting of 
objects F such that W(F) belongs to Mod K + (kx 3a ) for all j € Z. 


Assume the hypothesis below: 


(A.l) 


(i) every U € Op c (A sa ) has a finite covering consisting 
of M + -connected subanalytic open subsets, 

(ii) for any U € Op c (A sa ) we have R + U € Op(A sa ), 

< 

(iii) for any x € X the set M + x is contractible, 

(iv) there exists a covering {14}neN of X sa such that 
V n is ID-connected and V n CC V n+ \ for each n. 


The following result was proven in [T3] , 


Proposition A. 7 . Assume (IA.ll) . Let U E Op(A sa ) be R + -connected and 
such that R + U E Op(A sa ). Let F E D^ + (kx sa ). Then 


RT(R + U;F) RT(U]F). 
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A.2 Multi-conic sheaves 


Let A be a topological space with I actions }f =1 of E + such that tj),ti ) 

lij(Hi(x,ti),tj). We have a map 

H : A x (R + ) e -> A 

(x, (ti, . . . ,t*)) H- ne(x,ti),...,ti). 

Definition A.8. (i) Let S be a subset of X. We set E +S = /i*(5, M + ). If 
U € Op(A), f/ien E+C/ g Op(A) since /r, is open /or eacfi i = 1,... ,1. 

(ii) Let S be a subset of A. Let J = {i\, , ik} C { 1 ,... , £}. We set 


R+S = E+- • -R+5 = •• /i ifc (5,R + ),... ,E+), ii,...i fc € J. 

We set (R+)*S = E+ £} S = ^(S,{R+Y). If U € Op(A), then E+C/ € 
Op(A) since //* is open /or eac/i i E {1,... , T}. 

(in) Let S be a subset of X. We say that S is (R + ) e -conic if S = (M + )^S'. 
In other words, S is invariant by the action of Hi, i = 


Definition A.9. (i) We say that a subset S of X is Rf -connected if SnRfx 
is connected for each x E S. 

(ii) We say that a subset S of X is (R + ) e -connected if there exists a 
permutation cr : { 1 , { 1 ,... ,£} such that 


(A.2) 




S is y connected, 

is R + /r ,s-connected, 

o-(l) <t(2) > 


M + m x • • • E + ,„ is R + , -connected. 
o-(l) of£-l) o-(e) 

The following results follow from the case 1=1. 


Lemma A.10. (%) Let Si, S 2 C A and suppose that S 2 is (E + ) £ -conic. Then 
(M + ) £ (S’i (~l S 2 ) = (M + ) f 5i n S 2 ■ (ii) If moreover S\ is (R + ) £ -connected then 
S± n S 2 is (E + ) £ -connected. 

Remark A. 11. In (ii) of Lemma \A.l(A we have to assume that S 2 is (E + )^- 
conic. Indeed it is not true that the intersection of two (E + Y-connected is 
(E + Y-connected in general. 
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Let X,Y topological spaces endowed with £ actions {pxi }\ = \, {HYi\i= i 
of R+. 


Definition A.12. A continuous function f : X Y is said to be (R + )^- 
conic if for each x £ X, a £ R + we have f(nxi(x,a)) = n Yi(f(x),a), 
i = 

Lemma A.13. Let f : X —» Y be a ( M. + Y-conic map. (i) Suppose that 
S C Y is (R + ) e -connected (resp. (R + ) l -conic). Then f~ 1 (S) is (Re¬ 
connected (resp. (R + y-conic), (ii) Suppose that Z C X is (R + Y-conic. 
Then f(Z) is (R + ) e -conic. 


Let A be a real analytic manifold and denote by X sa the associated sub- 
analytic site. Assume that X is endowed with £ subanalytic Reactions 
commuting with each other. 

Definition A.14. A sheaf of k-modules F on X sa is (W + Y-conic if it is 
conic with respect to each . 


(i) We denote byMod^+y(kx sa ) the subcategory ofMod(kx sa ) consisting 
of (R + Y-conic sheaves. 


(ii) We denote by F) b R+ y(kx sa ), the subcategory of D b {kx sa ) consisting of 
objects F such that H J (F) belongs to Mod( R +)« (kx sa ) for all j £ Z. 


Let us assume the following hypothesis 


(A.3) 


(i) the pair (X , yf) satisfies (I A.Ill for each i = 1 ,... ,£, 

(ii) every U £ Op c (A sa ) has a finite covering consisting 
< of (R + ) £ -connected subanalytic open subsets, 

(iii) we have R )U € Op(X sa ) for any U £ Op c (X sa ) 
and any J C {1,..., £}. 


In this situation the orbits of fa, i = are either R + x ~ R or R + x = x. 
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Proposition A.15. Assume (1A.3I) . Let U € Op(X sa ) be (M + ) f -connected. 
Let F € D b (R+)e (kx 3a ). Then 

RT((R+) e U■ F ) 4 RT(U; F). 

If X satisfies (1A.3I) (i)-(iii), then it follows from Proposition IA.151 that for 
(M + ) f -conic subanalytic sheaves it is enough to study the cohomology of the 
sections on (M + ) £ -conic open subsets. 


A.3 A decomposition theorem for subanalytic open sets 

Let X = R n with coordinates x = (x±,... ,x n ) endowed with the actions 
fij : X x M + —> X, j = defined by /iij(x, A) = Pj(x \,..., x n , A) = 

(X a ^xi, ..., \ a i n ,x n ), with A > 0 and a yi € M, a. jt / 0 if i G Ij C {1,..., n}. 
We can represent the actions p,j, j = 1,... ,£ in a matrix form as follows: 
let x = (xi,.. .,x n ), A = (Ai,..., A*), A = (aji) G M^ n (R). Then 

(A.4) a i(x, A) = n\{- ■ ■ (mix, X e )---), Ai) = xe XogXA 

where log A = (log Ai,..., log X e ) and, given y = (yi,..., y n ), e y = b^e Vi € 
M nn Q. R) (S,j is the Kronecker’s delta) is a diagonal matrix. So the i-th 
diagonal entry of e XogXA is ^=1 A aji . 

We consider the equivalence classes /*, defined as follows: k\. k -2 G iff 
TTytj (i-ij(x, A)) = TTk 2 ([ij(x, A)) for any j € !,...,£ and any A > 0. Here 
7Tfc i denotes the projection on the fcj-th coordinate, i = 1,2. That means 
&jk i = a jk2 for each j = !,...,£. 

So we may assume that {l,...,n} = [J/~i 4- Let mk = (1 Ik- Then 
m k = n - Consider the morphism of manifolds 

(A.5) (p : X' = xf =1 S mfc “ 1 x R N -> R n 

(#k,rk)k =i ^ (rjfctfc(i?fc))fcLi, 

where : § mfc_1 denotes the embedding. Endow x^ =1 S m,s_1 x R N 

with the actions //'■ = p j ,j = 1 ,..., f—1 , ^fe)f =1 , A) = (#*,, X a i k r k )% =1 . 

Then p is a (M + )^-conic map. 
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Let V be an (R + ) £ -conic subanalytic subset in X. Let Sk = {xi = 0; i € 
Ik}, and let ttj : X —>• Sk be the projection. We introduce the following 
conditions Va. and Vb. of V for each k = 1,..., N. 

Va. V does not intersect Sk- 

Vb. 7 Tj{V) C iTjiVnSk). 

Proposition A.16. Let V be a ( M. + Y-conic subanalytic subset in X and let 
W be an open subanalytic neighborhood of V. If V satisfies the condition 
either Va. or Vb. for each j, then there exists a subanalytic subset W' in X 
satisfying the following conditions. 

1. W' is an open neighborhood ofV and contained in W. 

2. W' is (R + ) e -connected. 

3. Mj"... RtlW is also subanalytic in X for any 1 < k < I. 

Proof. Thanks to the morphism of manifolds (1A.5D we may reduce to X = 
[0,+oo]^ setting p'- = pLj for short and omitting the variables Dj (they are 
irrelevant being fixed by each pj, j = 1 We argue by induction on 

the number of actions. We prove the assertion in several steps. 

(a) Suppose that there exists i E h such that V satisfies Va. on i. Up to 
a permutation of coordinates, we may assume i = N. First, on {xjy / 0} 
consider the homeomorphism fj making the orbits of pi orthogonal to {xn = 
1}. Namely, if pe(x 1 ,..., xjv-i, x N , A) = (X aei xi, ..., X am x N ) 

we set if(xi,... ,x N -i,x N ) = ..., x N - l x N °‘ tN ~ 1,aiN , x]^ aeN ). 

Then if o p£ o x id R +) acts only on the variable xn. This corresponds 
to the change of coordinates sending the matrix (representing the action as 
in (IA.4D ) 

A B\ ( A' B' 

C d ) t0 ( 0 1 

where A (resp. A') is a (N — 1) x (V — 1) matrix, B (resp. B') is a (V — 1) x 1 
matrix, C (resp. 0) is a 1 x ( N — 1) matrix and d 0. 
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Replace V with i/>(V) and pj with ipo pj o (ip -1 x id R +), j = 1 ,One 
can check easily that V n{xjv = 1} (remark that ip({xN = 1}) = {xat = 1}) 
is conic with respect to the actions p,j defined as Pj(x i,..., xjv-i, 1, A) = 
{\ a i 1 x\,..., \ a i N - 1 XN-i, !)• By the induction hypothesis W 0 {xjy = 1} 
contains a subanalytic open neighborhood W\ of V 0 {a ;at = 1} in {xjv = 1} 
which is (M+)^ _1 -connected (here M+ means with respect to pj, j = 1,..., £— 

!)• 

Let 7T : (xi,... ,xn-i,xn) >->• (xi, • • •,xjv-i) be the projection. Then 
W O vr _1 (7r(p)) is a disjoint union of intervals. Let us consider the interval 
(■ m(p),M(p )) containing x n = 1- Set 

W = {(xi,... ,x N -i,x N ); (xi,.. .,x N -i) G 7r(Wi), m(p ) < x N < M(p)}. 

By construction W is subanalytic and -connected. Let us prove that it is 
(M + ) £ -connected. Remark that = MIMAS' for each j = 1, 1 

and S C {xn = 1} (here M+ means conic with respect to Jlj). So by the 
induction hypothesis we are reduced to prove that MjfS is ML-connected if 
S is Mt-connected, j = 1, — 1. 

Let x = (xi,..., xjv-i, xn), Hj(x, a) G MjS'S. We shall prove that Pj(x, b ) G 
M^S if b G [l,a.] (we assume without loss of generality that a > 1). We have 
(xi,... jXjv-i, 1 )j= pt(x,xj f 1 ),p j (x i,... ,xjv-i, 1 ,a) = pg(pj(x,a), (cLL^xat) -1 ) G 
S. Since S is Mt-connected we have Jij(x \,..., xjv- 1 , 1, b) G S and hence 
Pj(x,b) = pg(Jlj(x\, . ..,xjv— i) L b), b a i N x N ) € M+S\ 


(b) Suppose that V satisfies Vb. for each i G Ig. Up to shrink W, we may 
assume that W satisfies Vb. for each i G Ig as well. Let J + = {i G Ig, agi > 
0}, J- = {ie Ig, a ti < 0}. 

We first shrink W on X \ ({xj = 0, i G J + } U {x* = 0, i G J - }). First of 
all we consider the homeomorphism such that x$ i-G x|^ a ^ if % G J~ U J~*~ 
and X{ i—^ Xj otherwise. Then we may assume that an = ±1 when an ^ 0. 
Let x G X and set |x| + = (I]j e j+xf) 1,/2 , |x|_ = xj) 1 ^ 2 . Set S = 

{x G X\ |x|+ = |x|_}. One can check easily that with this definition the 
intersection of S with an orbit of pg is a point (namely, given xq G X we have 
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R+xHS = {nz(xa, A)} with A = y / |a;o|-/|a;o|+)- Up to take a permutation of 
coordinates, we may assume that N G J + . Let us first assume that xn i=- 0. 
As in (a), we may choose an homeomorphism ip such that ipo/igo^ip ^ 1 xid]^+) 
acts only on the variable xat. 

Replace V with ip(V) and fij with ip o \j,j o (■ ip -1 x id]g+), j = 1,... ,1. 
One can check easily that V 0 S is conic with respect to the actions Jlj 
defined as Jlj(xi ,..., xjv-i, xn, A) = r)(X a i 1 xi ,..., \ a i N ~ 1 X]sr-i), where rj : 
[0, +oo] JV_1 —>• S. By the induction hypothesis WnS contains a subanalytic 
open neighborhood W\ of V O S in S which is (R + / _1 -connected (here M + 
means conic with respect to Jlj, j = 1 ,..., £ — 1). 

Let 7r : (xi,..., xn-i, xn) {x\, ■ ■ xjy-i) be the projection. Then 
W O vr _1 (7r(p)) is a disjoint union of intervals. Let us consider the interval 
(■ m(p),M(p )) intersecting S. Set 

W[ = {(xi,... ,Xjv-i ,x N ); (xi,.. .,x N -i) G 7r(Wi), m(p) < x N < M(p)}. 

By construction W[ is subanalytic and M^-cormected. To show that it is 
(M + ) f -connected one can easily adapt the proof of (a). 

Now let us consider W n {xn = 0}. Up to shrink W, we may assume 
that W[ U (W fl {xn = 0}) is open. By induction on the dimension of J + 
we may construct W® C W fl {xn = 0} with the required properties. By 
construction W\ = W[ U W® is subanalytic and -connected. 

Let us now shrink W n {x* = 0, i G J + }- The same method will apply to 
W fl {xj = 0, i G J”}. The set V n {xi = 0, i G J + } fl {x* = 0, i G J~} is 
Mj-conic, j = 1, 1 (the action is trivial there). By the induction 

hypothesis we may assume that W n {x* = 0, i G J + } D {x^ = 0, i G 
J~} is (R + /^-connected. The intersection of the orbits of m and W are 
homeomorphic to a disjoint union of intervals. Let us choose the ones whose 
boundary intersects {xj = 0, i G J~}- Let us prove that this provides a set 
satisfying the hypothesis. 

Assume that N G J~ and xn ^ 0. As in (a), we may choose an home¬ 
omorphism ip such that ip o fj,£ o ( ip -1 x idjj+) acts only on the variable 
xn. Replace V with ip(V) and pj with ip o fij o (ip~ l x id R +), j = 
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Let 7 r : (xi,..., xjv_i, xjv) ^ (xi,..., xjv-i) be the projection. One can 
check easily that 7r(V) is conic with respect to the actions Jlj defined as 
Jlj(x i,... ,xjv-i, A) = (A ajl xi,..., \ a i N - l XN-i) and that 7r(W) is (M+)^ _1 - 
connected (here M+ means with respect to Jlj, j = 1 , ... ,£ — 1 ). This is 
because ^> -1 (W) 0 {xi = 0, i G J + } n{xj = 0, i G J - } is (M + )^ _1 -connected 
and ip~ l (W) satisfies Vb. 

Let p G W. Then W n 7r _1 (7r(p)) is a disjoint union of intervals. Let us 
consider the interval ( m(p),M(p )) with m(p) = 0. Set 

w o = {(xi,. •. ,xjv-i,xjv); (xi,. . X.v.. 1 ) G 7r(W), 0 < X N < M(p)}. 

By construction Wq" is subanalytic and -connected. To show that it is 
(M + /-connected one can easily adapt the proof of (a). On xn = 0 the proof 
is similar. 

To end the proof, let us show that W = W\ U Wq" U W 0 "~ is a neighborhood 
of Wq U W 0 + . We argue by contradiction. We suppose that there exists 
y G Wq~ U W 0 + and that for each e > 0 there is y e € {x € X\ \x — y\ < 
e, |x|, |x|_ > 0} with y £ ^ W. Suppose that y G Wq~ (if y G Wq" the proof 
is similar). Taking e small enough, we may assume that M^j/enS 1 = m{y e i A e ) 
with A £ G M + . By construction of W there must be z £ G ydye- [A £ , 1]) (or 
Ze G p(y £ , [1, A £ ])) with z £ (£ W. 

We may also assume that for e small enough, z £ belongs to K C W with 
K compact. The set K is constructed as follows: 

-if y ^ Wq", take a compact neighborhood B = {x G X; |x — y\ < 5} of y 
contained in W and set K = M^B n {|x|_ < \y\- + 5} n {|x| + < |x|_}, 

-if y G Wq" l~l Wq 1 ", take a compact neighborhood H = {xGl; \x — y\ < 5} 
of y contained in W and set K = R^B n { |x| < 5} n {|x|+ < (5}. 

Being a neighborhood of Wq 1 " U Wq", W must contain such a K for S small 
enough. 

Then we can extract a sequence z n . with z n G ^(j/ £n , [A £n , 1]) (or z n G 
ji((y £n , [1, A £n ]))which has a limit z in K. This leads to a contradiction since 
z G W and W is open. 
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□ 


A.4 A proof for Propostion 11.21 

In this appedix, we give the proof for Propostion 11.21 Clearly ii. of the 
propostion implies i. of the propostion. We will show the converse impli¬ 
cation. We may assume q = 0 and ( T*X) q = M n . Furthermore, by a 
linear coordinates transformation, we also assume that each 14 i n the defi¬ 
nition is the vector subspace spanned by the vectors dxi (i E Ejf) for some 
Ek C {1, ... ,n}. We will prove the claim by the induction with respect to 
n, i.e., the dimension of X. If n = 0, then the claim clearly holds. Suppose 
that the claim were true for 0,1 ,... , n — 1 and we will show the claim for 
n > 0. We need the following lemma. 

Lemma A.17. Let x = {M\, ■ ■ ■, M?} be a family of closed submanifolds 
in X, and let gj (j = 1,... ,£) be a real analytic function on Mj satisfying 
9ji = 9j 2 on Mji H Mj 2 for any 1 < j \, j '2 < £■ Suppose Proposition {Tf^ 
were true and x is simultaneously linearizable at q E M. Then there exists 
a real analytic function g(x) in an open neighborhood of q such that g = gj 
on Mj. Furthermore, if dMj9 j{q) = 0 holds for j = 1, then we can 

choose such a g(x) with dg(q) = 0. 

Proof. We may assume q = 0 and X = M n . We choose a system of coordi¬ 
nates (x\,... ,x n ) satisfying that each Mj is give by {x E R n ; Xi = 0 (i E 
Ij )} for some Ij C {1,..., n}. Let iij be the orthogonal projection from M n to 
Mj. For a subset a = {j\ ,, j p } C {1 ,... ,£}, we set M a = M n n ■ ■ ■ FI Mj p 
and define the function g a in M a by g 3 \M a for some j E a. Note that, by the 
gluing conditions, g a is independent of the choice of j E a. Let ir a denote 
the orthogonal projection from to M a . Then 

d( x ) = 'Ei-i^gaM*)), 

gives a desired real analytic function where a ranges through non-empty 
subsets of and |a| denotes the number of elements of a. □ 
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Set X k := {x € R n ; x, = 0 (i € E *,)}. We denote by tt k : M n —> X k be 
the orthogonal projection. Define J k := {j € {1,..., €}; 14 C (Tj^ X) 9 }. 
Note that, in a neighborhood of 0 , TT k gives an isomorphism between Mj and 
7 T k{M j ) C X k for any j € J k . 

Now let us consider a 1 < k < m for which J k is non-empty. Suppose that 
k = 1 is such a k. For each j € J\ and i € E±, because of dx{ € (T^.X) q, 
we can find a real analytic function gj^ in an open neighborhood of 0 with 
g h i = 0 on Mj and dgj, % ( 0 ) = dxt. Then, by the implicit function theorem, 
we may assume that each gjj has a form X{ — g[ } ^{x') where x' denotes the 
coordinates Xj with i € {1,..., n} \ E\ (i.e., the coordinates of X\) and 
g'ji(x') is a real analytic function in X\ with g’- 0 ) = 0 and dx 1 g' J ,(0) = 0 . 

Let us consider the family x' = {tti of closed submanifolds in 
X]. Clearly (T*X\)q contains the vector subspace 14 © ■ ■ ■ © V m such that 
each (T*^( M ,X) is a part of this direct sum for j G J\. 

Lemma A. 18. For any j\ and j ‘2 in J\. the subset H] (M Jl ) n ti\ (M J2 ) is a 
closed submanifold in X\ and we have 


Proof. We get 


(A.6) k := dim (M h D M j2 ) = dim X - dim ((T^ X) 0 + (T^ X) 0 ) 

and 


dim X - dim {{Tl In X) o + (T* Mj2 X ) 0 ) 

(A.7) = dim X 1 - dim ((T^^X,) 0 + (K^X,) 0 ) 

> dim (ni(Mj 1 ) n iri(Mj 2 )). 

Here the last dimension denotes that of an analytic germ at 0. As a result, 
we obtain k > dim (7ri (M n ) n tti (M n )). Let L be an irreducible component 
of the germ of n\ (M n ) n 7 Ti (M ]2 ). Note that dimL < k also holds. Then, 
since M n n M n is defined by 


{{9'j 1 ,i{. x ')}i€E 1 -, x') € X] 


Sji4 x "> = 9j 2 ,i( x ') (* e ^i)l 
x' € 7Ti (M jt ) n 7Tl (Mf 2 ) J 
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if either dim L < k or g'- x i g'- 2 i on L for some i £ E\ holds, then we can 
find a point q' such that the dimension of the germ of M n n Mj 2 at q' is 
strictly less than k, which contradicts the fact that Mj x n Mj 2 is smooth and 
its dimension is n. Hence we can conclude that every irreducible components 
of 7ri (Mj 1 ) n 7 rj (Mj 2 ) has dimension k and we also have g'- li = g'- ni on 
tt\ ( Mj 1 ) n 7 Ti ( Mj 2 ) for any i £ E\. Therefore we have 

M h n M h = x') € X; x' £ tti(A fq) n tti (M h )} , 

from which 7Ti (Mj 1 n M J2 ) = 7Ti (Afjj) n 7r j (Mj 2 ) follows. Clearly TTi(Mj 1 n 
Mj 2 ) is a closed submanifold and its dimension is still k. Therefore 7ri(M 71 )n 
7rj (Mj 2 ) is a closed submanifold in Xi . Furthermore, bv dA.61) and (1A.7I) . we 
get 

^((K(M h) Xi) 0 + ( t ; i ( m . 2 ) x 1 ) 0 ) 

= dim X 1 -k = dim [T* l{Mh)n „ l{M .jX i) 0 . 

Hence we have obtained the last equation in the lemma. □ 

By these observations, the family x' = of closed submani¬ 

folds in X\ is simultaneously linearizable. Hence, by the induction hypoth¬ 
esis, the claim ii. of the proposition for x' holds. It follows from the proof of 
the above lemma that, for any j \, j '2 in J\ and i € E\, we have g'^ i = g' n i 
on 7ri {Mj a ) n TTi(Mj 2 ). Hence, for each i £ Ei, by applying Lemma fA. 171 to 
functions gX on iri(Mj) (j £ J7i), there exists a real analytic function g[(x') 
in X\ such that g[ = on TTi(Mj) for j £ J\ and dx 1 g'i{ 0) = 0. Thus 
we have obtained the real analytic function fi(x) := Xi — g[(x') (i £ E\) 
such that dfi( 0) = dxi and fi(x) = 0 on Mj (j £ J\). By repeating this 
procedure for E 2 , ..., E m respectively, we can obtain n-real analytic func¬ 
tions fi (i = 1,... ,n). Here, if Jk is empty, then we simply set fi(x) := Xj 
(i £ Ek). It follows from the construction that these /j’s form a system of 
local coordinates of X near 0 and each Mj is defined by equations fi = 0 

(i £ 1J Ek). Hence we have shown the claim for n and this completes 
HC (T* M .x) q 

the proof. 
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